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Phasenkorrelatoren in Gross-Pitaevskii-Systemen fernab des Gleichge-
wichts:

Wir diskutieren verschiedene Ansétze zur Definition einer Korrelationsfunktion von
Phasenfeldern und untersuchen deren Eigenschaften in einem eindimensionalen Spin-
System. Wir kommen zu dem Schluss, dass die natiirlichste Art, einen solchen Kor-
relator zu definieren, darin besteht, einen Schallwellen- und Vortex-Anteil der Phase
als skalares beziehungsweise Vektor-Potential des Geschwindigkeitsfeldes einzufiihren.
Basierend auf dieser Definition extrahieren wir numerisch Phasenkorrelatoren in einem
zweidimensionalen U(N)-symmetrischen Gross-Pitaevskii-System. Der Schallwellen-
Anteil wird mit den Vorhersagen aus einer effektiven Feldtheorie verglichen. Beziiglich
des Vortex-Anteils argumentieren wir, warum eine naherungsweise Dualitat zwischen
Vortex-Dynamik und dem 241D Sine-Gordon-Modell gelten kénnte. Im letzten Teil
entwickeln wir eine kinetische Theorie dieses Modells, aus welcher wir einen dynami-
schen Skalierungsexponenten 5 = 1/6 finden. Dieses Ergebnis wird untermauert durch
numerische Simulationen. Damit geben wir eine mogliche Erklarung fiir das anomale
B ~ 0.2 in vortexdominierten Systemen.

Phase correlators in Gross-Pitaevskii systems far from equilibrium:

We discuss different approaches of defining a correlation function of phase fields and
study their properties in a one-dimensional spin system. We conclude that the most
natural way of defining such a correlator is to introduce a sound-wave and vortex
part of the phase as the scalar and vector potential of the velocity field. Based on
this definition we numerically extract phase correlators in a two-dimensional U(N)
symmetric Gross-Pitaevskii system. The sound wave part is compared to predictions
from a low-energy effective field theory. Regarding the vortex part we argue why
an approximate duality between vortex dynamics and the 241D Sine-Gordon model
might hold. In the last part we develop a kinetic theory of this model, from which
we find a dynamical scaling exponent 5 = 1/6. This result is further corroborated by
numerical simulations. Thereby a possible explanation for the anomalous 5 ~ 0.2 in
vortex dominated systems is provided.



Contents

Introduction

1.1  Gross-Pitaevskii model and vortices . . . . . . .. .. ... ... .. ..
1.2 Non-thermal fixed points and scaling . . . . .. .. ... ... .....

Non-equilibrium quantum field theory

2.1 Schwinger-Keldysh formalism . . . . ... ... ... ... .......
2.2 2PI effective action and 1/N expansion . . . . . ... ... ... ....
2.3 Gradient expansion and Boltzmann equation . . . . . . . ... ... ..
2.4  Truncated Wigner approximation . . . . .. . ... ... ... .. ...

The problem of phase correlators

3.1 Continuation definition . . . . . . . . . . ...
3.2 Modification definitions . . . . . . . . . ...

One-dimensional spin system

4.1 Obvious definition . . . . . . . . . . .
4.2 Modification definition . . . . . . . ...
4.3 Continuation definition . . . . . . . . . . ..o
4.4 Concluding remarks about the different phase correlators in 1D . . . .

Analytical considerations about phase correlators

5.1 Phase representation of Gross-Pitaevskii theory . . . . .. .. .. ...
5.2 Integrating out density fluctuations . . . . . . ... ...
5.3 Vortex part . . . . . ...
5.3.1 Vortex action . . . . . . ...
5.3.2 Approximate duality to 241D Sine-Gordon model . . . . . . . .

5.4 Relation between phase correlators and fundamental field correlators

Numerics of the two-dimensional U(N) system

6.1 One-component system . . . . . . . . .. ...
6.2 Three-component system . . . . . . . . . .. ..

Kinetic theory of the Sine-Gordon model

7.1 2PI effective action and self energies . . . . . . . . .. .. ... ... ..
7.2 sin(p/2) and cos(p/2) in momentum space . . . .. ... L. L
7.3 Non-relativistic limit and ¢* theory limit . . . . . . ... ... ... ..
7.4 Scattering Integral . . . . . . ... ..o
7.5 Scaling Analysis . . . . . . . . ..
7.5.1 Combination of m terms . . . . . . . .. ...
7.5.2  Requirement for the scaling of sinh(F') and cosh(F) . . . . . ..
7.5.3 Scaling of Sine-Gordon theory . . . . . . .. .. ... ... ...
7.6 Estimating which term dominates . . . . . . . . ... ... ...

Numerical treatment of the Sine-Gordon model

8.1 Non-relativistic limit of the Sine-Gordon equation . . . . . . .. .. ..
8.2 Numerical results . . . . . . . ... o o

12
12
13
17
19

21
23
28

30
30
33
33
34

36
36
39
40
41
42
20

53
54
o8

60
60
62
64
65
67
67
68
69
72



©

g U aQ W »

Conclusion and outlook

Conventions and units

Evaluation of the spatial integrals in the Luttinger liquid action
Computation of the Wigner function

Numerical evaluation of the Fourier transforms of sin(p/2) and cos(p/2)

Additional correlator plots

77

79

80

82

83

86



1 Introduction

Quantum many-body systems far from thermal equilibrium are an intriguing as well as
tempting field of study. A plethora of new phenomena show up on the way back to ther-
mal equilibrium, such as parametric resonance, turbulence, prethermalization, prescaling
and non-thermal fixed points [1-6]. These occur in a similar way in very different scenar-
ios, rendering non-equilibrium quantum theory applicable to a broad range of physical
systems, such as early universe dynamics, heavy ion collisions and ultra-cold quantum
gases [7].

This thesis mainly deals with the non-equilibrium dynamics of the non-relativistic Gross-
Pitaevskii model, though in the last chapters we will also have a look at the relativistic
Sine-Gordon model. The particular focus will be on the phase 6 of the complex Gross-
Pitaevskii field ¢, motivated by the fact that at low energies fluctuations in the density
p = |1|? are suppressed and the phases become the relevant degree of freedom [8]. We
will therefore study correlation functions of the phases numerically, comparing to existing
analytical predictions, as well as analytically, aiming at giving a possible explanation for
numerical results not fully understood yet.

The work is organized as follows: in the remainder of this chapter, we will introduce
the Gross-Pitaevskii model and briefly discuss some of its properties. Furthermore we
discuss the notion of universality far from equilibrium and non-thermal fixed points. The
next chapter gives a short overview over the techniques of non-equilibrium quantum field
theory. After these two introductory chapters we discuss in detail several possibilities to
introduce a correlation function of phase variables (chapter 3). Thereafter these different
definitions are applied to a one-dimensional spin system and discussed in this context
(chapter 4). We will then conclude that the most reasonable way of defining phase corre-
lators is to correlate either the scalar or the vector potential (the ”sound wave” and the
"vortex” part, respectively) of the velocity field V of the Gross-Pitaevskii field . This
definition will be the only one considered in the remainder of the thesis. Based on this def-
inition, chapter 5 discusses several aspects of the phase representation of Gross-Pitaevskii
theory. We review earlier findings concerning the ”sound wave” part of the phase. Fur-
thermore we aim at giving also a description for the ”vortex” part. To this end we propose
arguments why, under certain assumptions, the well-known duality between vortices and
the Sine-Gordon model in 2D might approximately persist to the 241D case. Finally this
chapter deals with the relation between correlation functions of the fundamental field
and of the phase fields, in part reviewing again earlier findings but including now also
the ”vortex” part. The following chapter (6) deals with the numerical computation of
phase correlators in a two-dimensional U(1) and U(3) symmetric system. Thereafter we
discuss the non-equilibrium dynamics of the Sine-Gordon model. Whereas in chapter 7
we make the attempt of developing a kinetic description based on the 2PI effective action
formalism and the Boltzmann equation, chapter 8 gives a numerical treatment employing
the truncated Wigner approximation. Finally in chapter 9 we summarize the results and
give an outlook.



1.1 Gross-Pitaevskii model and vortices

The central model studied in this thesis is the U(/NN) symmetric Gross-Pitaevskii (GP)
model whose Lagrangian is given by

’ 1
Lop = 5(Vi00n — V) — 5 VUi - Vi = S(000)° (1)

where 1), is an N-component scalar Bose field and summation over indices is implied. For
the important case of N = 1 this reduces to

' 1
Lop = 500 — OW") = 5~ Vo' - Vi = JJu|". (12)

This Lagrangian provides an effective description of a Bose-Einstein condensate of ultra-
cold atoms (cf. e. g. [9]), with the identification

4ma
g=— (1.3)

m
with a the scattering length of the atoms and m their mass. For N > 1 one can see
the different field components e. g. as representations of atoms in different hyperfine
or Zeeman states, or of atoms of different elements [10]. Apart from the description of
ultra-cold atoms, there exists also an interpretation of the Gross-Pitaevskii Lagrangian
as the effective description of relativistic scalar field theories at low momenta [11].

The classical equations of motion can be easily obtained as the Euler-Lagrange equations
of the Lagrangian (1.1):

. 1 .
10phe = (—%A + 9(%%)) Ya (1.4)
and in the one-component case
o — [~ 2
o = (=g alvF ) v (15)

As for the wave function in the Schrodinger equation one can define a density and a
current for the Gross-Pitaevskii field, given by

p=vf (1.6)
1
s b — V). 1.7
=5 WV — V) (1.7)
It is easy to show that also in Gross-Pitaevskii theory the continuity equation 9,p+V-j =0
is fulfilled.
An important solution to the two-dimensional Gross-Pitaevskii equation is the vortez

solution, which is topologically non-trivial. It is characterized by a drop of the density p
to 0 in the vortex core and a winding of the phase around it. We make the ansatz

U(r,p;t) = /pof(r)e't@e ™" (1.8)
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Figure 1.1: Density profile (normalized to the bulk density) and velocity field of a vortex.

with ¢ € Z the integer ”"charge” of the vortex and py the bulk density outside the vortex.
Inserting this into the Gross-Pitaevskii equation yields

0*f 10f ¢ 3 _
55 T g el 2mwf —2mgpof* = 0. (1.9)

For r — oo we should have f — 1. This enforces w = gpp, so that the equation becomes

2 2
ZTJ;Jrlﬁ—q—er%gpo(f—fg) =0. (1.10)

ror r?
It turns out that there is a characteristic length scale £, = 1/1/2mgpo. Indeed by introduc-
ing the dimensionless variable x = r /£, we can write the equation for f in a dimensionless
form:

" 1 ! C]2 3
f +;f —?f-i-f—f =0. (1.11)

&y, is called healing length because it is the length scale on which the defect in the density
is "healed”, i. e. on which the density returns from p = 0 in the vortex center to the bulk
value p = pg. Equation (1.11) has no simple analytic solution but a numerical evaluation
is straightforward.
For the velocity field v = j/p of a vortex one finds
q

V= e (1.12)
Figure (1.1) shows the density profile (as calculated numerically from (1.11)) and the
velocity field of a vortex together.
Vortices are very robust objects and can act as quasiparticles that move in space, scatter
from each other, form bound pairs and annihilate. In many situations they are essential
to the dynamics of a Gross-Pitaevskii system in 2D [12]. An important part of this thesis
will deal with a particular attempt to describe their dynamical behavior.



|
to
thermalization

non
thermal
fixed
paint,
scaling
i

partial fixed points,
prescaling

Figure 1.2: Sketch of the flow with time in parameter space. Picture taken from [5].

In 3D, there cannot be point-like topologically non-trivial objects since the GP field
) has only two components (if one considers its real and imaginary part as independent
components). However, tube-like topological defects are still possible, which are frequently
called vorter tubes. Indeed they occur in three-dimensional GP systems and can play an
important role for the dynamics too, as their two-dimensional counterparts [12]. However,
as we are mainly concerned with two-dimensional systems, we will not discuss vortex tubes
in more detail here.

1.2 Non-thermal fixed points and scaling

Whereas the notion of universality is well-established for systems in thermal equilibrium,
universality in systems far from thermal equilibrium is a rather recent subject of study.
By universality one understands the fact that very different systems exhibit very similar
behavior near a phase transition. This manifests itself in a set of critical exponents that
depend only on very general properties such as the dimension and symmetries of a system.
A celebrated explanation for this phenomenon is provided by renormalization group the-
ory (see e. g. [13]). Here one studies the flow in an effective parameter space of a theory
under the change of a flow parameter \, which encodes the spatial resolution on which
the system is looked at. It then turns out that there are fized points in the parameter
space to which the system flows from a broad range of initial parameters if the spatial
resolution is sent to 0. Thus they account for the very similar behavior of very different
systems near phase transitions, where spatial coherence typically grows large and hence
the spatial resolution becomes small.

The notion of non-thermal fixed points [14] arises from applying this idea from the the-
ory of thermal equilibrium systems to the non-equilibrium case. Instead of the spatial
resolution the role of the flow parameter X is now played by the time t itself. Such a flow
with time in the effective parameter space of a theory is sketched in figure (1.2).

One of the most frequently considered observables in the study of non-thermal fixed
points is the occupation number in momentum space f(¢; k). One postulates that at a
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Figure 1.3: Sketch of f(k) at a non-thermal fixed point. Picture taken from [15].

non-thermal fixed point the occupation number fulfills the following relation:

F(ts k) = (t/t0)* fs((t/t0)"k) (1.13)

where ¢ is a reference time, fs(k) = f(t = to; k) is the scaling function and « and § are
scaling exponents. Predicting their values is a central issue in the theory of non-thermal
fixed points, such as predicting critical exponents is one of the most important problems
in equilibrium theory. o and f are not entirely independent if one assumes a conservation
law to hold. E. g. if one assumes particle number conservation, the quantity

/ddkf(t; k) (1.14)

has to remain constant from which it follows that a = df. Similarly, energy conservation
implies the conservation of the integral

/ddkf(t; k) (1.15)

with wy the dispersion relation. If wy ~ k* this implies o = (d + z)3. Typically, one
observes the fulfillment of particle conservation in the IR part of the spectrum whereas
energy conservation holds in the UV. The exponents o and 3 are thus different in the IR
and UV. Usually they have even different signs. Whereas in the IR § is typically positive,
implying a transport of particles towards lower momenta, in the UV we have a movement
into the opposite direction, i. e. towards higher momenta [5]. This is depicted schemat-
ically in figure (1.3). In this thesis we will be concerned only with the dynamics in the
IR, thus in the following, whenever we talk about exponents o and 3, we are referring to
those of the IR part of the spectrum. In this regime, relativistic systems with a mass gap
and non-relativistic systems typically show very similar behavior and are characterized by
the same exponents because at low momenta the relativistic theory becomes effectively

10



non-relativistic [15].

Regarding the shape of the function f(k) one typically finds that at low momenta f(k)
shows a plateau and then falls off with a characteristic power law k=" [5]. In the UV there
can be additional structure. The point where the plateau forms indicates a characteristic
momentum scale kg, and thus a characteristic length scale &gy in the system. The
value of the spatial scaling exponent  is also an object of study that one tries to predict
analytically.

One of the most important predictions coming from the non-equilibrium QFT formalism
outlined in the next chapter is that § = 1/2. This value is indeed found in a plethora of
different systems, relativistic and non-relativistic ones alike. However, there are excep-
tions, one of the most important ones being the one-component two-dimensional Gross-
Pitaevskii system. Here one finds 8 ~ 0.2 [16]. Similar results also hold for one-component
two-dimensional ¢* theory, which in its IR modes can be approximately described by the
GP system [11]. One can show that this deviation is caused by vortices, i. e. topological
defects in the field configurations of such systems. While in [16] a heuristic argument for
B ~ 0.2 is provided, there is no satisfying field-theoretic explanation so far. In a later
chapter we will propose one possibility for such an explanation.

11



2 Non-equilibrium quantum field theory

In this section we want to summarize briefly the main concepts of non-equilibrium quan-
tum field theory. For a more comprehensive treatment the reader is referred to [7], which
we will follow closely.

2.1 Schwinger-Keldysh formalism

The majority of quantum field theoretic calculations does not concern the most general
physical setup, i. e. a system in an arbitrary state allowed by the theory, but restricts
itself to important special cases. In particle physics one usually performs computations
in ”zero-temperature” quantum field theory. This means one assumes the system to be in
its ground state (the vacuum state) and considers excitations on top of this ground state.
"Finite-temperature” QFT is more general, taking the system’s density matrix to be a
thermal one with an arbitrary temperature. This approach is chosen e. g. in condensed
matter physics or the study of quark-gluon plasma. However, for treating systems out of
thermal equilibrium one needs a still more general formalism. This is known under the
name of Schwinger-Keldysh formalism.

Assume we have a system which at the initial time ¢, is described by the density matrix
po- The expectation value of an operator O at time ¢ is then given by

Tr {poeiH(t_tO)Oe_iH(t_tO)} . (2.1)

This can be interpreted as propagating from t to ¢ and then from t back to ty. Addition-
ally one usually inserts a 1 for convenience, i. e. a propagation from ¢ to co and from oo
back to t. This gives rise to the Schwinger-Keldysh contour C. C runs from ¢y to co and
then back to tg, see figure (2.1).

One can define then a non-equilibrium generating functional, from which arbitrary corre-
lation functions can be calculated:

Z[J,R| =Tr {pOTC exp (z/

where ¢(z) is a Heisenberg field operator and T¢ denotes time ordering along the Schwinger-
Keldysh contour. E. g. one obtains from Z:

@) iz [ owmeaen)} @2

B

o7
i0J(x) J,R=0 = (9(o) (23)
037
STy o = (Tep(x)d(y))- (2.4)

One further defines the connected propagator G as

Gz, y) = (Tep(x)o(y)) — (9(x))(¢(y))- (2.5)

12
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Figure 2.1: Schwinger-Keldysh contour C with upper (C™) and lower branch (C™).

(2.2) can be transformed into a non-equilibrium path integral:

21.R] = | da)1agq 405 i)

. 7D¢exp i (st + [ sy [ swrenen)| @0
2

with |¢>(jf> being eigenstates of the field operator at ty, i. e.

B(to, x)|6%) = 6T (x)|65) (2.7)

and

/ d6311ddy] = / TT e (x)dsy (). 2.8)

The notation f;f D¢ means that one integrates only over field configurations fulfilling
0

the boundary condition ¢(tJ,x) = ¢ (x) and ¢(t;,x) = ¢, (x) where tF denotes ¢, on
the lower or upper branch of the Schwinger-Keldysh contour C, respectively.
(&g |poldy ) can be parameterized as

(0 |poldg) = Nexp {i(ha]dg, dg] + haldg, dp] +-..)} (2.9)

with
Mo, é5] = / d {0t ()68 (%) + of (x)65 (%)) (2.10)

halé d5) = / dhrdty (o (%, y) 65 ()6 (v) + ad (%, ¥)68 ()65 (3)
+ ;T (x,y) by (X)dg () + g~ (x,y)dp (%) ()} (2.11)

A very common assumption is that one can indeed truncate the series in (2.9) at second
order, i. e. that the initial density matrix is Gaussian. This is fulfilled to a good accuracy
in many systems. Then one can absorb (@d|po|¢ ) entirely into the source terms J(z)
and R(x,y) so that these encode the initial conditions.

2.2 2PI effective action and 1/N expansion

Standard perturbation theory techniques are not suited very well for non-equilibrium
problems. The reason are so-called secular terms growing exponentially in time, which

13



render a perturbative expansion invalid even for arbitrarily weak coupling at sufficiently
late times [17].

One of the major approaches to circumvent this problem are n-particle irreducible (nPI)
effective actions, in particular 2PI effective actions, generalizing the well-known concept
of 1PT effective actions. Whereas the 1PI effective action is expressed in terms of the full
quantum field ¢, the 2PI effective action is expressed in terms of the full quantum field
¢ and the full propagator G. Correspondingly, the nPI effective action is expressed in
terms of all k-point functions with £ < n. However, for most non-equilibrium problems
the 2PI formalism is sufficient.

As an example we consider relativistic ¢* theory with the action

2 A
ol = [ {oworo— 5o = o'} 212

The 2PI effective action is constructed by a twofold Legendre transform. First we define
the function W by

exp(iW|[J]) = Z[J, R]. (2.13)
With this we can define
T[¢,G] = W[J,R] — /C (;??;J(ﬁ) - / ) 535(—‘2/@,)]%(93’ y). (2.14)

Since T'[¢, G] is a functional only of ¢ and GG, J and R have to be expressed in terms of
these new variables by resolving the equations

52(2;) =—J@) - /CR(w,y)cb(y) (2.15)
5G((5:1; i _%R(% y). (2.16)

At the same time, (2.15) and (2.16) are the full quantum equations of motion for ¢ and
G. Given the currents J and R, they determine their dynamics entirely.

I' can be calculated by standard loop expansion techniques. One then usually writes it as
the sum of the 1-loop contribution and a "rest”, i. e.

Tl6, G| = S[d] + %mm G+ %Tr{c;gl(gb)a} 4+ T[é, G] + const (2.17)

with the first three terms the one loop contribution and I's[¢, G] the rest. Gy is the
classical propagator, i. e. iGy'(z,y) = 625/0¢(x)d¢(y). The trace and the logarithm
have to be understood in the functional sense, i. e. viewing G(z,y) as a matrix with
indices z and y and the logarithm being the matrix logarithm. From T's[¢, G] one can
define the self-energy as

_ . 0Dy
Y(x,y) = QZm. (2.18)

The perturbative computation of I'ys can be organized in terms of Feynman diagrams.
Assuming the absence of symmetry breaking, i. e. ¢ = 0, a ¢* term in the action with

14



coupling constant A\ /k! yields only k-vertices coming with a factor of —i\;/k!. These have
to be connected by propagators G(x,y) such that cutting through two arbitrary propa-
gators does not make the diagram fall apart, i. e. one keeps only two-particle irreducible
(2PI) contributions. Additionally one has to include an overall factor of 1/n! with n the
number of vertices in a diagram (this factor stems from the expansion of the exponential).
If ¢ # 0, there are additional vertices containing also the field value ¢. However, in this
thesis we will not deal with this case so that we do not consider it further.

In non-equilibrium quantum field theory it is a common practice to decompose the propa-
gator into a spectral component (p) and a statistical component (F'). The former encodes
the spectrum of the theory, i. e. the available states, whereas the latter describes their
occupancy. This decomposition works as follows:

Gla,y) = Fla,y) — £ pla y)sene(a® — 1) (219

Here sgn.(z° — 4°) denotes the signum function on the Schwinger-Keldysh contour. Note
that while G is a contour ordered object, F' and p are not contour ordered any more. A
similar decomposition is possible for the self-energy. First one decomposes it into a local
and a non-local part as ¥(z,y) = —iX (2)§(x — y) + X(x,y). Then one can write

S(e.) = (e, y) — 55, y)sane(s” — 4°). (2.20)

From the quantum equations of motion (2.15) and (2.16) one can derive evolution equa-
tions for F' and p, which read

0 0

O, + M*(2)|F(z,y) = — /tx dz¥,(z, 2)F(z,y) + /ty dz¥p(z, 2)p(z,9) (2.21)
O+ M @loley) = = [ a8 2ol (2.22)

with fttf dz = :12 dz° [ d?z and M?(z) = m? + SO (x). Given the self-energy in some
approximation, these equations can be implemented on a computer (cf. e. g. [18]),
though the numerical study of non-equilibrium evolution equations is tempting due to
the "memory integrals” involved in it. An alternative approach is outlined in the next
chapter, consisting of an expansion of these equations in the gradients of the ”central
coordinates” X = (z + y)/2. This way some analytical insight can be gained.

To close this chapter, we will briefly discuss one very important approximation for the
calculation of the self-energy in the 2PI formalism, the 1/N or "ring diagram” expansion.
Say we have an O(N) symmetric scalar field theory, defined by the action

2 A
S[¢a] - /%c {%aﬂqﬁaauﬁba - m7¢a¢a - M(¢a¢a)2} (223)

where summation over repeated indices is implied. Then it is possible to show that in an
expansion in 1/N, the next-to-leading-order contribution is given by

1 A
G) _ N
5 rln {6(95 y)+z6N

Gab(xv y)Gab(xv y)} (224>

15
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Figure 2.2: Ring diagrams giving the next-to-leading order contribution to the effective
action in a 1/N expansion.

where the In has to be understood as the matrix logarithm in the functional sense, i. e.
taking the expression in brackets to be a matrix with indices x and y. The diagrams
corresponding to this expression are all of the "ring” type as depicted in figure (2.2).
From this one can calculate the self energy. Namely, one obtains

= A

Zab('rvy> = _3_NGab(x7y)[(‘r7y>' (225>

The function I(z,y) is defined by

i1(z,y) = (x — y) - {5<x )+ i G, )G y>} (2.26)

6N

where the inverse is again understood in the functional sense. Multiplying with 6(z —y)+
iN/ (6N)Gap(z,y)Gap(z,y) on both sides (in the matrix sense) and writing the functional
matrix multiplications as integrals, one obtains an integral equation for I(z,y):

A

I(z,y) = 6—NGab(x,y)Gab(x,y) — 26%\7 /I(x, 2)Gap(2,9)Gap(2,Y). (2.27)

From now on let us assume that Gu(z,y) = 0,bG(2,y), Fu(z,y) = 00F (z,y) and
Pav(T,y) = dapp(x,y). I(x,y) can again be decomposed into statistical and spectral com-
ponents, I(z,y) = Ir(z,y) — 21,(x, y)sgne(z° —y°). One finds that the Ip and I, functions
fulfill the following integral equations:

Ip(z,y) =p(z,y) — /dz]p(x, 2 p(z,y) +/dzIF(:z:,z)Hp(Z,y) (2.28)
I(z,y) =,(z,y) — /dz[p(az, )1, (2, v) (2.29)
where
(o) = 5 (Flon? = ot (2:30
M, (.) = 3P, 9)o(a,0) (2:31)

16



Here F(z,y)? and p(z,y)? is not meant in the functional sense. For the self energies one
obtains

Yp(r,y) = —%N (F(x, Y p(z,y) — ip(x,y)fp(fc,y)) (2.32)
So(x,y) = —3% (F(x, Y (x,y) + plw,y) I p(z, y)) : (2.33)

With these expressions for the self-energy one can now either set up a numerical compu-
tation of the evolution equations or treat them by a gradient expansion in order to obtain
a Boltzmann equation, as outlined in the following section.

2.3 Gradient expansion and Boltzmann equation

If one puts a system in a state far from thermal equilibrium, one usually observes that,
after a very fast evolution at the beginning, at later stages the system evolves more
smoothly in time. The gradient expansion aims at giving an approximate description of
the system at these later times (regarding its range of validity cf. [19]).

First we introduce central coordinates X* = (xz* 4+ y*)/2 and relative coordinates s =
x* — y*. Then one can Fourier transform quantities such as F' and p with respect to the
relative time coordinates:

2X0 00
F(X;p) = / dse?" / dise PPE(X +5/2, X — 5/2) (2.34)
—2X0 —0o0
2X0 o)
p(X;p) = —i / ds“e“opo/ddse"S‘Pp(X+s/2,X—s/2) (2.35)
—2X0 —00

where the —i is included in order to make p(X;p) real. Analogously one also defines the
Fourier transform of the statistical and spectral components of ¥, I and II. The time
integral has to be restricted to the range from —2X° to 2X° because the time evolution
starts at 2° = 9 = 0. Nevertheless one commonly assumes that X° is so large that one
can also send these integration limits to infinity. This restricts the range of validity of
this approach to late times.

Now one expands the evolution equation (2.21) in powers of Jxu, i. e. gradients of the
central coordinate. Commonly, very few terms are kept. E. g. one can show that to
lowest order, the evolution equations become

2p“% = 5,(X;p)F(X;p) — Ep(X;p)p(X;p) (2.36)
Qp“M =0. (2.37)

oXH
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If one further assumes spatial homogeneity, they simplify further to

QpO—aFa(ii;p) =2,(X;p)F(X;p) — Zp(X;p)p(X;p) (2.38)
QPOanf(;p) -0 (2.39)

This means, in particular, that at this order the spectral function becomes time inde-
pendent. Furthermore, the intricate memory integrals have disappeared. This order of
approximation is known as kinetic theory. With some effort it is possible to bring these
equations into a form that resembles the well-known Boltzmann equation. First one
introduces a function f by writing

1
F(X;p) = (f(X;p) + 5) p(X;p). (2.40)
From the symmetry properties of F' and p it follows that

J(X5=p) = =(f(X5p) +1). (2.41)

Since we have assumed spatial homogeneity, there is no dependence on the spatial com-
ponents of X#. From now on we write X° = t. Now we define an effective number
distribution f(¢;p) by

_ Oodpo
0

This is motivated by the fact that if p(p) were the free spectral function pgeo(p) =

2msgn(p”) 0((p°)* — wi) with wp, = /m? 4 p? this definition would yield f(t;p) =
f(t;p° = wp, p). With this one can rewrite (2.38) as

o(t:p) _ / W s, (D) (D) — Seltppltip) = CAED). (243

ot 2w
0

By expressing everything in terms of f and p only, this can be cast into a form resembling
even closer a Boltzmann equation. Here we take the self energies obtained by the 1/N
resummation outlined in the last chapter.

First we need an additional definition. For a function such as G(z,y), X(z,y), I(z,y)
and II(x,y) which can be decomposed into F' and p components, one defines its retarded
and advanced version by Gr(z,y) = O(2° —y")p(x,y) and Ga(z,y) = —O(y° — 2°)p(x, y)
and analogously for the other ones. It can be shown then that within the approximation
tg — —oo the implicit equation for I can be solved in momentum space by

Ir(t;p) = verr(t; p)Ip(t; p) (2.44)
I,(t;p) = ve(t; p)IL,(¢; p) (2.45)
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where veg(t; p) is an effective coupling accounting for the sum of the ring diagrams. It is
given by

1
|1+ Hg(t;p)>

Vest(t; p) = (2.46)

With this it is finally possible to write the scattering integral C[f](¢; p) in a form close to
that of a Boltzmann equation:

C[f] = 18N/ / 27T d+15( —Q1—Q2—Q3)
[(f(ql) + 1) (f(a2) + D)(f(g3) + 1) f(p) — flar) f(a2) f(g3)(f(p) + 1)]
x p(a1)p(a2)p(a3)p(p)ves(p — q1) (2.47)

where for clarity we have suppressed the dependence on .

One commonly makes additional assumptions about the scattering integral. The first is to
assume that p(p) is not only constant in time but also equal to the free spectral function,
i e. p(p) & pree(p) = 2msgn(p®)d((p°)? — w?). This is known as on-shell or quasi-particle
approximation. Furthermore one assumes that f > 1 so that in (2.47) all terms containing
less than three fs can be neglected and that ITg > 1 so that veg ~ 1/|IIz|>. With these
assumptions the Boltzmann equation becomes scaling, i. e. permits solutions of the form
f(t:p) = (t/to)*fs((t/to)’p). Inserting this ansatz one can determine the exponents o
and S (for clarity we set tg = 1):

£l 7s(t%B)] = C [15(°K)] () (2.48)
& at*" fs(t7p) + Btp - Vslip = C [t fs(t7K)] (p). (2.49)

Now sending p — ¢~ #p yields

t*afs(p) + fp - Vfs(p)] = t*C [fs(k)] (p) (2.50)

where t*C[fs(k)](p) = C[t* fs(t°k)](tp) and the exponent A has to be determined from
the scattering integral. To make f(t;p) = (t/t0)*fs((t/to)’p) a solution of the Boltzmann
equation for all times ¢, one has to demand o — 1 = \. In the case of massless ¢* theory,
one obtains A = a — [, from which it follows that g = 1. However, if there is a mass
gap (which can be generated dynamically even if m = 0 in the Lagrangian) the system
behaves effectively non-relativistic at low momenta and we obtain A = o — 23, i. e.
f = 1/2. Particle number conservation yields o = d/2 in this case. We will later see that
the situation is different for the Sine-Gordon model where the Boltzmann equation also
contains terms scaling with g = 1/(2 + 2d).

2.4 Truncated Wigner approximation

An extremely important tool for the study of many-body systems out of equilibrium apart
from 2PT techniques is the truncated Wigner approximation [20] (for a direct comparison
of 2PI and truncated Wigner simulations see [21]). It is applicable to systems with
high occupation numbers, which makes it very suitable for studying non-thermal fixed
points. One can see the truncated Wigner approximation as the lowest-order term in an
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expansion of the classicality of the system, e. g. characterized by the occupation numbers.
Here we will only consider its non-relativistic version because our numerical calculations
were mainly concerned with non-relativistic systems. Be given an operator Q({a;}, {al})
composed of the creation and annihilation operators for the different modes of the system
numbered by i. Then we define its Wigner transform by

w{aa falh} w.w) =5 [ dnan (v - 7| oad. elh) |+ 7)
coxp (<10 = YnP 5w o). (@50

Here m denotes the number of modes in the system, 1) and 1) are m-dimensional complex
vectors, dndn* = [[,(dRn;d3n; /) and for a general m-dimensional complex vector o we
define |a) =[], |as); with |a); the coherent state of mode ¢ with parameter . Note that
here we use a convention where the coherent states are not normalized, i. e. («|f) =
exp(a”f).

One can show that if () is symmetrically ordered, the Wigner transform can be easily
obtained by substituting a; — ¥; and aj- — . BE.og.

1 1

a'a = ~(a'a+aad") — = (2.52)
2 2

so that ala — (Y +¢yp*) /2 — 1/2 = [¢|* — 1/2.

Furthermore one defines the Wigner function as the Wigner transform of the density

matrix of a system, i. e.

W, ") = WAp} (¢, 47). (2.53)

The truncated Wigner approximation can now be defined as follows: say we have some ob-
servable O whose expectation value we want to calculate at time ¢. Then this expectation
value is approximately given by

(O)(t) ~ / Aoy Woapo, PEY WO} (b (t: 3bo) 0 (£ b)) (2.54)

where W is the Wigner function at t = 0 and 1(¢; 1) is the field that arises if the initial
condition %), is evolved with the classical equation of motion to time ¢. The condition
for the validity of this approximation is that the system is somehow in a nearly classical
regime where quantum fluctuations are small and can be treated perturbatively. This is
e. g. the case if all modes relevant for the dynamics are highly occupied.

The truncated Wigner approximation is very suitable to be implemented on a computer.
The integral over the initial conditions in (2.54) can be evaluated in a Monte Carlo fashion
if the Wigner function is positive definite (which is the case if we choose the initial state to
be a product of coherent states). Then all what has to be done is to evolve the system with
the classical equation of motion for a high number of initial conditions chosen randomly
according to the weight of the Wigner function and to average the observables over these
trajectories.
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3 The problem of phase correlators

Be given a Gross-Pitaevskii type quantum field theory with a complex field 1(x,¢). Then
we can write ¢ in the density-phase-representation

Y(x,t) = /p(x,)e?D. (3.1)

The object we want to consider in this thesis are equal-time correlators of the phases
0(x,t), 1. e.

(0(x,1)0(y, 1)) (3.2)

or in momentum space

Although it is easy to formally write down these expressions, their precise definition is
not obvious. It turns out that there is in fact more than one possible definition. Which
one of these is the "natural” one is not a priori clear.

Let us first consider the problem of defining (A(x,?)). In the path integral formalism, the
definition is straightforward:

0(x,t)) = /DwD@ZJ*arg(@/J(X,t))eisw’W] (3.4)

with [ Dy Di* representing a zero-temperature or non-equilibrium path integral. Trans-
lating this into the operator formalism, i. e. defining a ”phase operator” é, is a highly
intricate problem. It should be defined on the entire Fock space and should translate to
arg(1) in the path integral formalism, i. e. have the property (a|f]a) = arg(«) for all
coherent states |a). A reasonable choice seems to be

0 =

5 (In(a) — In(a™)). (3.5)

By replacing a — ¢ and a' — 9* one would get

~

b 5-(n() ~ In(y)) = arg(y). (3.6
However, one still has the problem of defining the logarithm of the creation and annihi-
lation operators. The series expansion of In(a) and In(a) converges only on a subset of
all possible states, so it is necessary to somehow extend the definition. Naively one would
do this by inserting a 1 in terms of the coherent states in front of In(a), pulling In(a) into
the integral, applying it to the coherent state and defining In(a)|a) = In(a)|c). 1. e. one
would arrive at the definition

In(a) = / dada* e~ n(a)]a) (@ (3.7)

and analogously for In(a’). While this is a perfectly well-defined definition, it is pointed
out in [22] that it has a severe problem: the equation In(a)|a) = In(a)|e) would not be
valid any more and therefore (a|f|a) # arg(a), which can be seen by simply inserting
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some |a). This is somehow counterintuitive: one would think that we have not done
anything but inserting a 1. The mathematical reason is that we have naively pulled the
operator In(a) into the [ dada* integral which is not allowed here because the logarithm
is no smooth function in the entire complex plane but has a discontinuity at its branch
cut.

As in many cases, these subtleties can be traced back to the overcompleteness of the coher-
ent states. Therefore in that same paper the authors try to cure the described difficulties
by using a complete (instead of overcomplete) subset of the coherent states, a construction
due to von Neumann. However, their 6 then fulfills the condition («|f|a) = arg(c) only
approximately.

An alternative approach is proposed in [23]. Instead of considering the Taylor series ex-
pansion of the logarithm, the author considers the Runge expansion of the logarithm.
Loosely speaking, the Runge theorem states that under certain conditions an analytic
function can be arbitrarily well approximated by a sequence of polynomials. Therefore
a sequence of logarithm Runge polynomials in the creation and annihilation operators
on a coherent state converges to the logarithm of the complex parameter of that state.
However, this does not make sure yet that the resulting operator converges on the entire
Fock space.

In the following, we will leave such difficulties apart and work in the c-number formula-
tions of quantum theory, i. e. the path integral and Wigner formulation. To close this
discussion, let us briefly consider the translation of arg(y)) = (In(¥)) — In(¢*))/2i into
Wigner space. The Wigner transform of this expression is given by

1 / dnd* 52 (0(w + 1/2) = (" = " /2))e 2 (3:8)

2
This integral looks hardly analytically solvable. However, one can see easily that for
|| > 1 it will yield approximately arg(i)) so that, as usually in this limit, the distinction
between the path integral and Wigner version of an observable does not matter.
Now let us turn to phase correlators. At the first glance it is straightforward to define

(0(x,1)0(y, 1)) = / Dy Dij*arg(v(x, t))arg(¢(y, t))e V] (3.9)

Although this definition seems straightforward, it has a problem: 6 being a compact
variable taking only values between —7m and 7, we will have unphysical jumps in 6 when
Y crosses the negative real axis. One possibility is to simply accept this fact: we will call
this the "obvious” definition of the phase correlator. But there are other ways to cope
with this problem. We summarize here the main options for the definition:

e Obvious definition: take the phases as they are. Unphysical phase jumps are ac-
cepted.

e Continuation definition: continue the phases onto the next ”Riemann sheet” if 1
crosses the negative real axis. In finite size systems, there is some ambiguity in how
to treat the boundaries in this definition.

e Modification definitions: instead of considering the product 6(x,t)d(y,t) consider
some other function f(6(x,t),0(y,t)) that somehow resembles 0(x,t)d(y,t) but
avoids the phase jumps. Of course this is no ”real” phase correlator then. But
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by a suitable choice of f it can be possible to capture the same physics as the phase
correlator and to avoid phase jumps at the same time.

In some sense the continuation definition is the most natural one and it is the only
one accessible to analytic treatment in an interacting theory. We will therefore mainly
consider this definition in this thesis. It has, however, the drawback that in more than
one-dimensional systems it forces us to give up the notion of one unique phase correlator.
Instead it turns out that one has to consider two different objects: a ”sound-wave” phase
correlator and a ”vortex” phase correlator. Discussions of the properties of the obvious
and modification definition can mainly be found in chapter 4.

In the following two sections we have a closer look at the continuation and modification
definition.

3.1 Continuation definition

For phase fields 6, which are mappings from R" to [—m, ), the definition of the derivative
has to be generalized. Considering ¢ as a function in the usual sense, it is discontinuous
where it jumps from —7 to 7 and therefore not differentiable in these points. On the other
hand it is obvious that one can assign a meaningful value to the derivative of a phase also
in the points where it jumps by 27 since a simple redefinition of the phase would move
the jumps to other positions.

Be given a phase field 6 : R® — [—m, 7), then we define the continued derivative ;8 as

~ . unwrap(f(x + he;) — 0(x))

0,0(x) = }lg% ; (3.10)
where the unwrap function is defined as
r, nm<z<Tm
unwrap(x) = v —2m, x> . (3.11)
rTH+2m, < —m
An equivalent definition is
di0(x) = —ie g, (3.12)

The continued gradient V0 and other differential operators are defined correspondingly.
With the help of the continued derivative it is possible to express the velocity field of a
Gross-Pitaevskii system in terms of the phases. It is given by

B R TR R B AL

For convenience let us also define V = mv = V4.

The vector field V is a physical field. The operator corresponding to (3.13) is hermitian
and contains only pairings of creation and annihilation operators. Therefore V is in
principle measurable.

The relation V. = V6 suggests that 6 is the "potential” of V. However, it is no real
potential because V is given by the continued gradient of € instead of the gradient.
It would therefore be convenient to introduce a (jump-free) Gcontinuea for which in fact
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V = V0continuea- In one dimension V reduces to a simple one-dimensional function V' (x)
and it is easy to define a unique potential Gcontinuea Of V() (simply by taking the integral
over V(z)). However, in two and three dimensions, this is only possible if V is curl free.
In real systems this is usually not true because quantum vortices are present. Then it
becomes necessary to introduce a scalar and a vector potential of V. We will call them
the sound-wave and vortex part of the (continued) phase and denote them by 6, and
0., respectively. 1. e. we write the velocity field as

V = Vo, + V x 0,0 (3.14)

We can now calculate correlators of these continued 6, and @, fields which are not spoilt
by phase jumps. The main advantage of this (apart from the fact that unnatural jumps are
avoided) is that correlators of g, and 6, are accessible to analytic treatment: writing the
action in terms of these fields only ordinary differential operators will appear. In contrast,
if one writes the action in terms of 6 itself, the highly intricate continued gradient V will
be present in the action which cannot be subjected to standard techniques such as Fourier
transforming, calculating a Green’s function and performing diagrammatic expansions or
integrating out fluctuations. The main drawback is that now we do not have one single
phase correlator any more (at least in more than one dimension). A frequently employed
assumption is that sound-wave and vortex dynamics approximately decouple. Therefore
we will not consider "mixed” correlators of 6, and 6., among each other. For the sound-
wave part it is obvious to consider

(O (%, £) e (v, 1)) (3.15)

But for the vortex part, there are several possibilities: one could consider correlators like

<0v0(X7 t) : 0vo(Y7 t)) (316)

or

(B0 (%, ) X Ouo(y, 1)) (3.17)

or correlators of single components. However, in the case of two dimensions which we will
mainly consider here, 0., effectively becomes a scalar field so that there are no ambiguities
in what to correlate.

(3.14) still does not define 6, and 6., uniquely. It is convenient to require the standard
conditions that V-0,, = 0 and that 6, and 6., decay to 0 at infinity. Then one calculate
them from V by the Helmholtz decomposition theorem:

L., VeV 1/35%@mq

o 1) = A dr r—r/| 4« r —r/| (3.18)
L1 [ L VXV(E) 1 [,V x V)

evo(r) — E /d r W = E/d r |r — I"| . (319)
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For the two-dimensional case 0., is a scalar 6, which can be thought of as the z-component
of 8,,. Here we have

() = — / &'V - V(') In (M)

B 2T a
1 — _ /
= — [ d*'V-Vi(r')In (u) (3.20)
2T a
1 , , , r—r
Oyo(r) = 5 d*r'(0,V,(r') — 9,V,(r')) In (| - |>
1 / A / A / |I‘ B I'/|
=3 d*r (0,0,0(x") — 0,0,0(r")) In (T) (3.21)

where a is some integration constant needed to make the argument of the logarithm
dimensionless.

So far our discussion was always based on the assumption of the thermodynamic limit
V — oo, i. e. that all fields live on the entire R". However, numerical calculations have
to be performed in a box of finite size. A frequent choice for the boundary conditions
(which we will impose throughout this thesis) are periodic boundary conditions. This
gives rise to the question how to define potentials in a periodic box. V will of course be
periodic since it is directly calculated from the physical field ¥. But when calculating a
potential of V it will typically break the periodicity (the simplest example is a constant
V: the resulting scalar potential will constantly increase throughout the box so that it
cannot have the same value on the boundaries). As for the choice of boundary conditions
itself, up to a certain extent it is a matter of taste how to resolve this problem. For
sufficiently large boxes, i. e. approaching the thermodynamic limit, the results should be
independent of such choices.

Here we will use a definition of 6y, and 6., on finite size systems that preserves periodicity
but slightly modifies (3.14). To motivate our definition, we will go over from position space
to momentum space. So let us first consider the momentum space version of the Helmholtz
decomposition (in the entire R?). We define the Fourier transform of V(r) by

V(k) = / eV (r). (3.22)

It is straightforward to show by means of standard vector identities that the following
decomposition of V (k) holds:

V(k) = —ik Q% -V(k)) — ik x (—z‘k% x V(k)) . (3.23)

The terms in big brackets can now be interpreted as the momentum space version of

and 0:

k
O (k) = Ul V (k) (3.24)
0.0(k) = —iW x V (k). (3.25)
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Sound Wave Vortex
1D
Oo (k) = % / dze™d,0(x) -
2D
1k ke e —i(ko0,0(r) — k,D,0(r))
stk:—'/d27“6wkv9r k:/Q ir-k Z(Iy yYx
( ) |k|2 ( ) QVO( ) d°re |k|2
3D
'k —ik o~
Osw (k) = |i{|2 '/d?’re” kVo(r) 0..(k) = # X /d3re’r'kV9(r)

Table 1: Definition of sound-wave and vortex part of the phase in different dimensions.

That this is justified can be seen by going back to real space:

dsk —zkr dgk —ik-r
Vlsw(r) + V X Oy (r / Osw (k) + V x / (27T)3e 0., (k)

2m)?
o] e ) g (e
V(k

= [ oo (1 v00) + [ e x (i < v09)

= / (;i:;geik'rV(k):V(r). (3.26)

These considerations still are only valid for functions living on R3. In a periodic box
the situation is different. Here the momenta are quantized and the momentum integrals
become momentum sums. Nevertheless, we will now take (3.24) and (3.25) as defining
equations of Oy, and O, on a periodic box. (3.24) and (3.25) can be straightforwardly
modified for the lower-dimensional cases. In 2D, the vortex part of the phase reduces
to a scalar field again whereas in 1D the vortex part is not even present, i. e. we have
one unique phase. In table (1) the definitions are summarized for all three dimensions.
For the case k = 0 these definitions cannot be applied. This reflects the fact that the
global average of the phase is arbitrary. A natural choice is to set 64 ,(k = 0) = 0 and
9v0<k - O) =0.

By defining the phases by a momentum space expression, we make sure that periodicity is
preserved: applying the discrete Fourier transform on a periodic box to 6, (k) and 6, (k)
we get a Ogy(r) and 0, (r) which is periodic. On the other hand, as was pointed out above,
this means that (3.14) cannot be fulfilled exactly any more. Let us have a short look on
what this means in detail. For simplicity we restrict ourselves to the one-dimensional
case. So be given a velocity field V(x) : [0, L) — R which is continuous and periodic on
[0, L). We want to compare the definition of f, as given in table (1) and a definition that
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preserves 0,0z, = V (z) exactly. The latter is given by

xT

/d:z:'V(x') + const. (3.27)

0

Now let us transform the former into position space in order to compare:

_Z —ika ! /d:)? ezkxv Z —ika ¥ /dl’leikxlam//dl’”‘/(x”)
L

k20 k¢o
] L z’
_ z Z eik‘x/ / zk:p /dl’/lv Z efzk:r sz/dx/V
k0 4 9 k;;éo 4
T 1 L x’ 179
- / A2’V (2') - + / dz’ / dz"V (2" — % / dz'V (z') (3.28)
0 0 0 0

where in the second line we have performed a partial integration and in the third line
made use of 1/L Y7, o e = §(x) —1/L and of the fact that in the second term we have
the Fourier series of the saw tooth function. This permits now a simple interpretation.
The first and second term represent a definition of 6y, (x) which preserves 0,05, (x) = V (x)
exactly (the second term is just a constant that makes sure that the average of gy (x)
is 0, a consequence of our choice to set the 0-momentum-mode to 0). The third term,
however, subtracts a saw tooth function that exactly compensates the jump between 0
and L and therefore enforces periodicity.

Of course one could also argue that the exact fulfillment of 0,04, (x) = V(x) should be
primary instead of spatial periodicity. As mentioned above, up to a certain extent this
is a matter of taste since for the thermodynamic limit the definitions should agree. Here
we have taken the momentum space expression (and therefore periodicity) to be primary
for two reasons. The first one is that the analytical theory is conveniently formulated in
momentum space (instead of position space). Say one term of the action is of the kind

/ d*rve - Vo (3.29)
v

with a periodic box of volume V and V0 is curl free. Then one can rewrite this term in
momentum space as

5 S K0 (19 () (3.30)

if and only if one has defined 0y, (k) as in table (1). The second reason is numerical
convenience. Calculating 6, this way is quite simple: calculate %0, Fourier transform
the result by means of a fast Fourier transform (FFT) algorithm and apply the formulas
of table (1). Especially in higher dimensions taking position space to be primary would
be quite unpractical.

In the following, the definition of the phase correlator as outlined in this section will be
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the main working base for numerical calculations.

3.2 Modification definitions
An alternative to (0(x,t)0(y,t)) frequently employed in the literature is

<6i0(x,t)e—i9(y7t) ). (3.31)

Obviously, this is not spoilt by phase jumps. The motivation to relate this object to
the phase correlator is that for small phase fluctuations we can expand e?™t ~ 1 +
if(x,t) and then ignoring (irrelevant) constants and expectation values of the fields, we
get (0(x,)0(y, t)).

Here we want to propose a second alternative that is in some sense closer to (#(x,t)0(y,t))
but has its own drawbacks. To motivate it, consider the relation

(00, 000y, 1) = 5 {(00,1) — 0y, 0)) + 500 1) + (0,07 (332)

The second and third term on the right hand side can assumed to be constants, i. e. the
behavior of (0(x,t)0(y,t)) is captured by —((6(x,t) — 6(y,t))?)/2. This is an expression
depending solely on the difference between the phases at two different positions. Now we
can get rid of the phase jumps by defining the difference of two phases by the ”shorter”
distance on the unit circle. This leads to the correlator

1
—§<mindist(9(x, t),0(y, )% +c (3.33)
where the mindist function of two compact variables =,y € [—m, 7) is defined as

— -yl <
2 — | —yl,lo -yl =7

mindist(z,y) = {
and c is a constant. It is conveniently chosen such that the correlator is ”connected”,
i. e. giving 0 for two phase variables which are completely uncorrelated and randomly
distributed around the unit circle. It is easy to how that in such a case we have

(mindist(0(x, 1), 0(y, t))?) = 7/3 (3.35)

so that one has to choose ¢ = 7%/6.

Although this correlator is free of jumps, it is still not free of kinks: when the phases at
point x and y cross the point of opposition on the unit circle the correlator has a kink, i.
e. is non-differentiable. But at least the points where the kinks happen are determined
by a somehow natural condition (crossing of the point of opposition) whereas the position
of the jumps in the obvious definition depends on how one defines the phase.

A further disadvantage of this definition is that it can only be formulated naturally in
position space. Once calculated as a function of the difference x — y, we can of course
still Fourier transform the result. But this is not a very natural momentum space version.
Apart from this question, it is also numerically quite inconvenient. Calculating a correla-
tor in position space directly is computationally very intensive. In contrast, calculating a
momentum space correlator directly (and in case Fourier transforming the result back to
get the position space correlator) is numerically favorable due to the applicability of fast
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Fourier transform (FFT) algorithms.

It should be stressed again that the two correlators discussed in this subsection are not
entirely the same as a phase correlator. Nevertheless they are able to give some phys-
ical insights. We will, however, not devote them as much space as to the continuation
definition.
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4 One-dimensional spin system

Before turning to the more complicated case of higher-dimensional systems we will first
consider a one-dimensional system as a toy system. This does not imply that the one-
dimensional case is trivial (which in fact it is not). But here one can study in a clearer
way than in higher dimensional systems the effect of the different definitions of the phase
correlator.

We examined phase correlators for the 1D spin system described in [24]. The Hamiltonian
is given by

e | dn|d (- 82+f2 G+ L2 4 SRR (4.1)
B / ’ amozz 1 2" T '
with @ a three-component Bose field, n = 5“]3, F = 5Tf§, fthe vector of the three-
dimensional spin matrices and constants ¢, ¢y and ¢;. For details of the initial conditions
and parameters we refer the reader to the mentioned paper. The simulations have been
performed by C.-M. Schmied who kindly provided the raw simulation data. Generally we
took N = 5000 truncated-Wigner runs to calculate observables. As in this publication,
we considered the complex field

F, =F, +iF,. (4.2)

However, instead of considering (| F' (k)|?) we examined correlators of the phase of F| , i. e.
(O, (k)0p, (—k)), thereby applying the different definitions of phase correlators discussed
above. We begin with the obvious definition, subsequently we discuss the modification
definitions and finally the continuation definition. In the end we discuss the different
results together and compare them.

4.1 Obvious definition

In figure (4.1) the momentum space correlator (6(k)0(—k)) according to the obvious
definition is plotted for four different times. One observes that at small momenta a
plateau is present, at intermediate momenta we have a clear power law and finally a UV-
tail. Scaling in time is clearly visible. We have extracted the scaling exponents o and 3
according to the procedure described in [15] (as always in the following). The result is

a = 0.26 £ 0.02 (4.3)
B =0.29+0.02. (4.4)

In appendix E a rescaled plot can be found (as for all the following correlator plots).

As will turn out later when considering the continuation definition, the plateau is caused
by 27-jumps in the phase. The mean distance between these jumps introduces a char-
acteristic length scale into the system which corresponds to a characteristic momentum
scale at which the plateau forms. It is therefore surprising that nevertheless the extracted
exponents fulfill very well the particle number conservation condition o = d3. Moreover,
they show approximate agreement with the exponents for {|F, (k)|*) extracted in [24]. We
will comment on this below.

The momentum space correlator in the obvious definition also shows an anomalous fea-
ture. As one can clearly see in figure (4.1), the power law is extraordinary. The exponent
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Figure 4.1: The phase correlator calculated with the obvious definition.

k is no integer but ”fractional”, i. e. it lies between 1 and 2. In 1D, one would expect
k = 2 [25]. This is also the exponent that comes out for (|F (k)[*) and will come out for
the continuation definition.

We want to show that this anomalous power law is also due to the presence of the 27-
jumps in the phase. To that end consider a function #(x;) = 6; defined on an infinite,
one-dimensional lattice which can take only two values, m and —7. Between two neigh-
boring lattice sites # jumps from one value to the other with a probability p. We want to
derive the correlation function

(0:0i10)- (4.5)

Consider first the case that ¢ is even. The probability that §; and 6;,, have the same
value is given by the probability that the number of jumps between ¢ and 7 4 ¢ is even, i.
e.

/2

> ()= = 5+ 51 (46

[\]

Then the expectation value of 6,0, is given by

7 (% + %(2;9 — 1)f) — 72 (1 — (% + %(Qp — 1)6)) =7m(2p—1)" (4.7)

The case that ¢ is odd is similar. Here we have

(t-1)/2 i 1 1
D W
(g ) 0= = = =1 (4.9

k=0
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and the expectation value of 6;6;,, is

2 (% = %(2}9 - 1)5> — 72 (1 = (% - %(Zp = 1)ﬁ>) = —7%(2p — 1) (4.9)

So in total we have

2p — 1), Leven
0,0;.0) = 7* ( ’ . 4.10

Now let us transform this result into momentum space, i. e. consider
k)= > e*{0,0i00) = —(07) + 2R ™ (0:i1). (4.11)
f=—0o0 =0

In order to evaluate this sum we split it up into a sum over the even and odd /s and insert
the formulas derived above. Thus we arrive at

f(k‘) _ —7T + 2%2 ik2m 2(2p . 1 . 2%2 ik( 2m+1 1)2m+1
m=0
1 ’k(2p - 1)
=22 . -2 : -1
g ( 3‘%1 —eik(2p — 1)2 SCE1 —eik(2p — 1)2 )
_ 12
_ 1-(2p—1) (4.12)

1+ 2p—1)2+2(2p—1)cosk

which is the desired result. Since p is the probability that a phase jump occurs between
two lattice points, we can interpret 1/p as the mean distance between two jumps expressed
in units of the lattice spacing. Then there are two ways of interpreting the dependence
of (4.12) on 1/p: either one considers the lattice spacing as fixed and thus regards 1/p
as the (real) mean distance between two jumps, or one keeps the mean distance between
two jumps fixed and considers a variation of 1/p as a change in lattice resolution. We will

do the latter now, i. e. we introduce the momentum in units of the inverse jump length
k = k/p and rewrite (4.12) as

1— (2p—1)2

f(k)=pf(p k?):p721+<2p_1)2+2(2p—1)cosp/~€

(4.13)

where we have multiplied with p in order to account for the changing lattice spacing. In
figure (4.2) f(k) is plotted as a function of k for different values of p. One can see that
indeed the resulting power law exponents are smaller than 2 but approach 2 as p — 0, i.
e. the lattice resolution goes to infinity. In fact it is straightforward to show that

o, 1—(2p— 1) An?
lim pr - = —.
=00 14+ (2p—1)2+2(2p—1)cospk 4+ k?

(4.14)

This shows that the anomalous power law for the phase correlator in the obvious definition
is indeed caused by the phase jumps but can also be considered as an artifact of the finite
lattice resolution. We would, however, not consider this as a purely numerical artifact
because in condensed matter physics every system also has a physical lattice spacing.
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Figure 4.2: The function f(k).

Nevertheless this result demonstrates again the problems of the obvious definition for the
phase correlator since different numerical setups can give qualitatively completely different
results.

4.2 Modification definition

Figure (4.3) shows a ”phase correlator” as obtained by applying (3.33) in position space,
averaging over all lattice points, and then Fourier transforming the result. Apparently
now the anomalous power law is not present any more but we have x = 2. The reason is
that we have constructed the correlator such as to avoid jumps. A plateau, however, is
still present. This is due to the presence of kinks in the correlator, which occur when the
phases cross the point of opposition on the unit circle. As for the jumps in the obvious
definition, the mean distance between these kinks plays the role of a characteristic length
scale responsible for the observed plateau.

For the scaling exponents we obtain

a = 0.26 £ 0.02 (4.15)
B =0.27+0.01, (4.16)

which is in excellent agreement with the scaling exponents obtained above. This shows
that our modified definition, though no real phase correlator, is still capable of giving
physical insight: the scaling behavior comes out the same as for the obvious definition
and additionally the artificial anomalous power law is avoided.

4.3 Continuation definition

In figure (4.4) the continuation definition correlator is shown. Apparently there is no
plateau any more now. This suggests that there is no characteristic length scale or at
least that it is much larger than the system size. The power law exponent is Kk = 2. «
and f cannot be extracted independently any more now. If fg(k) = k=", the scaling
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Figure 4.3: The phase correlator calculated with the modification definition.

assumption yields

Fltsk) = (t/t0)* fs((t/t0)’k) = (t/to)* " k™" (4.17)

so that we have only one exponent v = a — k. The fitting procedure yields for this
exponent

v = —0.28 £ 0.04. (4.18)

If we define o and 8 by assuming additionally o = df this gives a = f = 0.28 4 0.04.

4.4 Concluding remarks about the different phase correlators in
1D

For both the obvious and modification definition we found «, 8 ~ 0.25. For the continu-
ation definition, which yields no plateau so that o and S are indistinguishable, the same
is true if one defines @ = df. Interestingly, this agrees very well with the result that
in [24] was obtained for (|F. (k)[?). This suggests that the phases are the relevant degree
of freedom which drives the dynamics. Moreover, at least in terms of scaling, the different
definitions of phase correlators seem to be equivalent.

Regarding power laws and plateaus, however, they are not. The obvious and modification
definition both have a plateau due to the presence of jumps and kinks. Additionally the
obvious definition features also an anomalous power law which can be explained by a
simple model of random jumps on a lattice.

A peculiarity of phase correlators in contrast to usual correlators of the fields, which will
show up again in 2D, is that they show coherence on much larger length scales. Of course
the obvious and modification phase correlator showed a plateau in the IR. But this is
only due to somehow unphysical artifacts, namely jumps and kinks. The continuation
definition correlator is free of such artifacts and therefore lacks a plateau. Additionally
to the described problems of the other definitions, this demonstrates the superiority of
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Figure 4.4: The phase correlator calculated with the continuation definition.

the continuation definition. It will therefore be the only one we will use for the higher
dimensional systems.

In principle in 1D the phase can also have physical jumps due to solitons which would
introduce a length scale even for the continuation definition. The fact that here no plateau
appeared shows that in the studied system the ”jumps” are rather smooth.

That the phases show coherence on a much larger length scale compared to correlators
of the fields suggests that they are a very "clean” observable. The effects of density fluc-
tuations are excluded. This makes it a very suitable observable for studying non-thermal
fixed points.

35



5 Analytical considerations about phase correlators

Based on the continuation definition, we want to gain some analytical understanding of
Os and @, in this chapter, whereby in part we review earlier findings.

5.1 Phase representation of Gross-Pitaevskii theory

Inserting the density-phase representation 1, = \/pge’ into the U(N) symmetric Gross-
Pitaevskii Lagrangian (1.1) yields

ﬁpe=—2{paétea+ﬁ(pa<%a> (Vva) )} (Zm) (5.)

a

where again the tilde denotes the continued derivative. The path integral over the fun-
damental Bose fields f [1, Dv; D1, is transformed to f [1, DOuDpups. Now we want to
get rid of the continued derivatives by a change of variables. For the gradient term this
is easily done by employing V8 = V,, + V x 0,,. However, there is also a term with a
time derivative of 6. One way to treat this problem is to express 9,0 in terms of 65, and
0... Alternatlvely, at least in 2D, one can give up the notion of 6, and 6., and instead
consider (9,8, 9,0,0,0) as a three-component vector field in three-dimensional space time
that can be decomposed into a divergence free and curl free part. We will first consider
the former option while adopting the latter later for convenience. We will then also show
that for the case of vortex-free systems and systems with sufficiently slow vortices the two
points of view agree.

So let us now try to find a way to express 9,0 in terms of O, and O,,. Let us first consider
the two-dimensional case, i. e we have V8 = Vg, + (0,0y0, —0:0y0)". We need a way to
recover the original phase ¢ from 0, and 6,,. First one can note that the line integral
of VO between two points gives the difference of € in the two points modulo an integer
multiple of 27, i. e.

/dr V0 = 0(B) — 6(A) + 27n, n < Z. (5.2)
A

Therefore we have for a closed integration contour C

%dr V0 =2mn, neZ. (5.3)
C

By inserting the representation of V0 in terms of 6, and 6, and applying the two-
dimensional Stokes theorem it follows easily that the curl of (0,6y0, —0,0y0)7, 1. €. —(9%+
92)0yo, has to be of the form

—(D2 4 0])0vo(x, 1) = 2> qi6®) (x — X(t)) (5.4)
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with integer vortex charges ¢; and vortex trajectories X;(¢). We can solve this equation
for 0y,(x,t) applying standard techniques:

Boo(x, 1) = quln(lx (”) (5.5)

with a an integration constant. For the curl of 6,,(x,t) we obtain

), - 1 —
(5) ot = 2 X VD) () e

where z,y and X;(t), Yi(t) denote the components of x and X;(t), respectively.
Now we have the tools in our hands to calculate 0,0(x,t). Equation (5.2) can also be read
as

0(x) = /dr VO + 6(A) + 2mn. (5.7)
A

If we now choose the point A to lie infinitely far away we can assume that (A) is not
affected by the dynamics and is thus constant in time. Then we have

X X

d,0(x,t) = 0, / dr - V0 = 8, / dr - V0 (5.8)
A

A

where in the second equality we have replaced O by 0; assuming that the contour is chosen
such that it does not cross vortices and that the line integral therefore is continuous.
Without any loss of generality we now choose A to be x + (—o00,0)T and the contour to
be a straight line between A and x. Inserting the representation of V0 in terms of Osw
and 6,, we get

X

5159()(, t) = at/dr . [VQSW + (_ag ) 9v0:|

A
= Ol (x, 1)

Mtzi:q’l (o) GremxarTa @R (e x)

= Ofsw(x,t) + O Z ¢; arctan <g:—§é(<i))> (5.9)

where for the treatment of the sound-wave part we have used the fact that the line
integral of a vector field which is the gradient of a potential is just the difference of the
potential at the ends of the contour and that 6, is constant at infinity. The vortex
part still contains a singularity, namely when x — X;(f) = 0. This can be cured by
applying arctan(z) = — arctan(1/z) + const (which corresponds to choosing A to lie at
x+ (0, —00)T in the first place). Only if z — X;(t) = y—Y;(t) = 0 it is not well-defined any
more because in the core of a vortex the phase is ill-defined. One should also note that
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this representation of the phase field of a vortex is only valid ”inside the time derivative”.
Clearly one may not write (x,t) = garctan ((y — Y (t))/(x — X(t))) since the arctan-
function is restricted to the interval (—m /2, 7/2) whereas the phase around a vortex takes
every value between —m and 7 at least once.

Let us now briefly discuss the generalization to the three-dimensional case. Here the
condition (5.3) enforces V x V x 0,, = —AB8,, to be of the form

0X;

—A0,,(x,1) —2w2]/d75(3 X—Xi<7';t))a—
-

(5.10)
where X;(7;t) is a parametrization of the ith vortex tube at time ¢ with curve parameter
7 and [; are the integer currents of the vortex tubes. To see that this expression in fact
satisfies (5.3) it is sufficient to show that A@,,(x,t) integrated over an arbitrary surface
gives an integer multiple of 27. The Stokes theorem then ensures that the line integral of
V0 over arbitrary closed curves is an integer multiple of 27, too. So be given a positively
oriented surface s(oq,09) parametrized by o7 and oy. Then we have, suppressing the
dependence on 7 and ¢

Os 0s\ 0X
27r]/d01d02/d7 <801 0_02> (‘97’5 V(s(o1,00) — X (7)) = 21 (5.11)

where we have made use of the transformation formula for the delta function

> M (x — x)

S (f(x)) = ———— (5.12)
| det J]f](x)]

where X is the zero of f(x) and J[f] its Jacobian and of the fact that in three dimensions

the determinant of a matrix is equal to the triple product of its column vectors. Again by

applying standard techniques from (5.10) we get for the curl of 8, the Biot-Savart law

V % 04 (x, 1) ZI / ‘;{ }}({((TT tt))‘g (5.13)

9,0 can now be calculated by the same procedure as in the 2D case. The sound-wave part
gives again only 0,04, so we focus on the vortex part. Analogously to the 2D case we
obtain:

X

D0(x,t) = 0if(x, 1) + O, / dr -V x 0y (x,1)
A

B x + e, — X;(T;1)
= Oyl (x, 1) +at—zf /df/dTem'( “ X+ e, — X (T;t)|3)

= Ol (x, 1) + at— Z[ /d a@i (2 — Zz(T,t)) — %(y _ Y.;(T;Qt))

v - Xilnt) } (5.14)

: {1 =X+ (= Vim D) + (2 = Zi(ms )7
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Analogous and equivalent expressions can of course be obtained by choosing the integra-
tion contour to be along the y- or z-axis.

5.2 Integrating out density fluctuations

It is a standard procedure to ”integrate out” the fluctuations in the density p in order to
obtain an effective theory for the low energy degrees of freedom. For the U(N) Gross-
Pitaevskii theory this procedure is described in detail in [8] to which we will refer often
in the following. Here we summarize only the main steps and show how to rewrite the
calculations using our formalism. The idea is to write p, = ,0((10) + dp, and then to
expand the Lagrangian (5.1) up to second order in dp,. Then the integral over the dp, is
purely Gaussian and can be performed analytically. What remains is an effective theory
containing only the phase variables 6, or, alternatively, 0y, and 6, 4. The expansion of
(5.1) up to second order in dp, yields

~ 1 ~ 1 5
_ (0) 2 _ - _ _Jab
Lso = (gp + 040, + Qm(vea) ) dpa 2(5pa (g PO A) Spy

a

— (éﬁa + &9")2) (5.15)

2m

where p(©) = Y ,0((10) and summation over indices is implied here. The term pgo)étea
is usually dropped since it is a "total derivative”. Moreover, as explained in [8], the
term gp® can be adsorbed by an energy shift of the energy of the zeroth mode. Then,
performing the Gaussian integrals, one obtains an effective action

1 ) -
Seff = 3 / dtd?xd®s’ J,(x,1)Gap(x, x) Jy (X, 1) — g— dtd?z(Vh,(x,1))? (5.16)

m

~ ~ -1
where J,(x,t) = 0,0,(x,1t) + ﬁ(vga(}g )2 and Gy = (g _dab A) _

4mp((10)
Inserting VO = Vg, + V x 0, into the second term of (5.16) one can see that for this
term the sound wave and vortex part decouple:

/ B (Vg + V % 0,,)° = / 1 (Vo )? + / dBr(V x 0,,) (5.17)

where the vanishing of the mixed term can be seen by a partial integration. However, for
the first term they do not decouple in general. Nevertheless it is a frequently employed
assumption that they approximately decouple and one can treat the dynamics of vortices
and sound waves separately. In [8] only the sound wave part is considered, i. e. V X 6y,
is completely neglected. Then it is possible to simply write 0,0 = 9,0, and Vo = Vs
Inserting this into (5.16) yields an action accessible to standard techniques. In the said
publication the 2PI effective action is calculated for this action, from which in turn a
quantum Boltzmann equation can be derived that can be subjected to a scaling analysis,
a procedure which is briefly described in the introduction of this thesis. We state only the
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results here. In the large-N limit, one obtains for the scaling exponents in the infrared

B=1/2 (5.18)
a=d/2. (5.19)

In the same limit, the spatial scaling exponent x comes out to be
k=d+1. (5.20)

For the case of a single field component, N = 1, the resulting exponents are not obvious.
In the mentioned publication, the authors propose either 5 = 1/2 or g = 1/3, depending
on which term dominates in the scattering integral of the Boltzmann equation. Also for
k they consider two possibilities: £ = d+3/2 and k = d+ 2. It is therefore interesting to
compare to numerics.

In the next chapter we want to make the attempt to develop also a description of the
vortex part.

5.3 Vortex part

For the treatment of the vortex part we will restrict ourselves to the simplest case of two
spatial dimensions and one field component. First one can note that the action (5.16) is
still much too complicated for performing calculations in the vortex case. Therefore we
make further assumptions in order to1 arrive at a well-known, much simpler action. First
we approximate G = <g — mA> ~ 1/g. Furthermore we discard terms that contain
spatial and temporal derivatives as well. With this one arrives at

p(O) o~ o~
Vo ve} . (5.21)

2m

1 ~ -
Seﬂ" = /dt dgl' {—07590,59 —
29
Introducing the speed of sound ¢ = 1/gp©® /m and K = p{%) /2mc one can rewrite this as
1~ - .
Seft = K/cdt d*x {gateate — Vo - ve} : (5.22)

This action is known under several names in the literature, such as Luttinger liquid action,
phason action or continuous XY model (see e. g. [26]). If one assumes the phase field
to consist only of a sound wave part, this action is purely Gaussian and therefore trivial.
However, if a vortex part is present, it is not.

Here we want to approach this problem in two in some sense complementary ways. First,
we will derive from the Luttinger liquid action a ”vortex action”, containing only the
vortex trajectories. The second approach will consist in an attempt to extend the well-
known duality between this action and the Sine-Gordon model in 2D (see e. g. [13]) to
the 241D case. It is easy to see that this cannot work out exactly. However, we will
propose arguments why, under certain assumptions, an approximate duality may hold.
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5.3.1 Vortex action

As was argued above, if no sound wave part is present we have for V = Y

Vo= g 1 —(y — Yi(1))
e ;q’@—Xi(t))M(y—m(tW ( x — X;(t) ) (5.23)

For 9,0 we obtain by performing the derivative in (5.9)

00 ==Y X(t)-V; (5.24)

where V; is the contribution of the ith vortex to V. Inserting this into the Luttinger
liquid action yields

BN o g e B = X) — Ky = IV~ X) = Xy — V)
R N R e T e (=3 0 Earma

— quij /Cdtd2I [( (l’ — Xl)(x — XJ) + (y - }/z)(y B Y}) (525)

v =X+ (y = Vi)l = X5)2 + (y = Y})?]

where we have suppressed the time dependence of the vortex trajectories for clarity. The
idea is now to perform the spatial integrals in order to obtain a Lagrangian containing
only the vortex trajectories. This procedure is similar to that employed in [27], with the
difference that the authors start from the Gross-Pitaevskii Lagrangian with a constant
density, i. e. a Lagrangian linear in 9,6. Since the integrals are UV and IR divergent as
well, one has to introduce a short distance and a long distance cutoff @ and L, respectively.
As is shown in appendix B, assuming ¢; = +1 one arrives at

1 . X, — X,
Seg_QWK/Cdt[Z§M\X¢!2—l—Zqiqjln<| ]L |>

i£
1 . X5 — Xy
"3 2 00% Xyl ()
i#j
1 (X x (X5 = X)X x (X; = X5))
— = ) 44 + const (5.26)
202 ; J |X] — Xz|2

where M = In(L/a)/c?, e = exp(1) and the ” x” denotes the two-dimensional (scalar)
vector product, i. e. a X b = a1by — asb;. The first two terms represent the action of a
system of charged particles with Coulomb interaction in 2D. In contrast to the Onsager
model [28], where the equation of motion is a first-order differential equation, here it is of
second order, as in classical mechanics. Additionally, there are two terms which are beyond
the pure Coulomb system and will account for new effects. It would be highly interesting
to simulate the theory defined by this action, either on a purely classical level or in the
truncated Wigner approximation (which to our knowledge has not been performed yet).
By comparing to the vortex motion in GP simulations or simulations of other effective
theories for vortices such as the Hall-Vinen-lordanskii equation [29] one could estimate
the range of validity of the Luttinger liquid action regarding vortex dynamics. On the
other hand, by comparing to Sine-Gordon simulations one could gain insight about the
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range of validity of the duality between vortices in the Luttinger liquid model and the
Sine-Gordon model outlined in the next section.

5.3.2 Approximate duality to 241D Sine-Gordon model

In this section we want to propose arguments why under certain assumptions the well-
known duality between vortices in the thermal (2D) Luttinger liquid model and the Sine-
Gordon model can be approximatively extended to the real time (2+1D) case. Let us
start with the Luttinger liquid action

Sip=K / cdt d*x (%éteéte — V- %9) =K / cdt d*x 5,00"0 (5.27)
C

where ¢ is the speed of sound and K = py/2me. In contrast to the previous section we
now adopt a point of view where the 2+1D velocity field U, (i. e. including the time
derivative of @ as Oth component), given by

U, = 0,0 (5.28)

is subjected to a Helmholtz decomposition. Here we keep only the divergence free part,
which can be seen as the field created by moving vortices, i. e. vortex tubes in the three
dimensional space time. Thus every sound wave contribution is entirely neglected.

Due to the compactness of the phase it must hold for every integral over a closed curve
that

7{ dz"9,0 = 27n, n € Z. (5.29)

This restricts the curl of U to be of the form

0, Us(x) =20 S, / A5+ (o — X (7)) XP (5.30)

1

where the X! (7) are the parametrizations of the vortex tubes and the I; are their integer
currents. Here we will restrict ourselves to I; = £1. This can be simplified by taking the
time component of X*(7) to be its curve parameter, whereby we obtain

1
(“P,Us(t,x)) =21 Y I | Xifc | 6@ (x — Xy(t)) (5.31)
i )/l/c

where X;(t) now is the trajectory of vortex i (with X; and Y; its components) and the
dot denotes the time derivative. This parametrization of X* by its Oth component is not
generally possible but relies on the assumption that every vortex tube crosses every ”time
layer” only once. This means that we have distinguishable vortex trajectories persisting
for the entire time range. Therefore annihilation processes of vortices and antivortices are
not included explicitly in this approach. Nevertheless they might be included implicitly: a
vortex and an antivortex could approach each other and after having encountered follow
the same trajectory, meaning that effectively they have vanished. Though the results
presented in [16] strongly suggest that annihilation processes are crucial for scaling in
vortex systems, the question whether they are accounted for by our approach must remain
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open.
Now we write down a partition function analogous to the equilibrium case, i. e. summing
over all vortex numbers and all vortex charges, including a weight . However, the ordinary
integrals over the vortex positions in the equilibrium case are now replaced by path
integrals over the vortex trajectories:

7z = i (_ZL!OR > / ﬁDXi(t) exp (iK / cdt dx 5&5%) (5.32)

n=0 {Il':il}

with
N-1 ‘
/ DX;(t) =N / T #x, (5.33)
j=0

i. e. we slice the time into IV time points ¢; with distance €;/c and ng) is the position of
vortex 4 at time ¢;. In the first place one can of course write down any partition function
one likes. The above partition function merely takes its inspiration from the equilibrium
one and it is not a priori obvious why it should describe the real time system. One has
then to argue afterwards that it describes indeed the physics we are considering (at least
approximatively). We will postpone this discussion to the end of this section, then also
giving an interpretation for (.

Since the normalization constant of the path integral A could be absorbed into ¢ and we
are a priori free to choose for ( whatever we like, in principle we are also free to choose
for NV whatever we like. It will later turn out to be convenient to choose

N=y7N (5.34)

with V' being the volume of the system.
Now let us perform a Hubbard-Stratonovich transform. To that end we first write the
action in discretized form:

Gliseretized _ fee2c, 5 0 0 910 = Ke2e,U, o U” (5.35)

where o denotes the ”functional scalar product” ¢ oy = 3, o(t,x)¥(¢,x) and €5 and
€;/c are the spatial and temporal discretization, respectively. Consider now the Fresnel

formula
d —iay? +idy) = 4] & 2 5.36
/ y exp(—iay” +iJy) S exp (Z4a) (5.36)

—0o0

where a,JJ € R, a # 0. This generalizes trivially to

r )} =N '/Tn ,jz
/d"y exp(—iay” +iJ - y) = T XP | i (5.37)

for n-dimensional real vectors i and J. When taking this formula to perform the Hubbard-
Stratonovich transform, there is a subtlety: on the left hand side we have —i as prefactor,
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on the right hand side ¢ (or vice versa by taking a — —a), meaning that in the resulting
dual partition function we have e~* instead of €. This implies that the dual action
yields backward propagation in time (or negative energies).

We use the Fresnel formula to introduce an auxiliary vector field b*:

[e'e) (_ch n—1 4 1 .
2= S v 3 [TIPXitew (cigggebuor +inott) 639
=0 s

n=0 {Ii=+1}

p M- a1 2
DW=, ———— db® 5.39
/ \/ ArKeZe / g 0[10 ! ( )

with M the number of space time lattice points. Now perform a change of variables and
introduce a field ¢ with b* = 2e"*#9,¢5/2m and 9,¢" = 0. Of course in principle b* will
also have a curl free part. But if one introduces such a curl free part one will see that it
entirely decouples and can be integrated out. This is due to the fact that U* is divergence
free. Inserting this and casting everything back into the continuum version yields

where

n

Z:i(_ﬁ)n/nw > /glpxi(t)

n=0 {I;=+1}

. 1 2 « 3 9
X exp <—zm/cdtd T €400 @7 e ékqbg)

1
X exp <z o /cdt d*x Uue“aﬁﬁad)g) . (5.40)

The notation D’'¢ means that we integrate only over field configurations that fulfill 9,¢* =
0 (the same could be accomplished by introducing a gauge fixing term (9,¢*)?/2¢ with
¢ — 0 into the Lagrangian). Note that here, in contrast to the standard case of point
vortices in 2D, the discretization does not drop out (otherwise the units would not even
be correct). We will comment on this fact below.

Let us first consider the first exponential. Making use of partial integration and the
identity ew[gew‘s = 0ay085 — 0as0py, We arrive at

1
exp (—im / cdt >z {—¢,0¢" + %aﬂ(ayqs”)}) . (5.41)

Taking into account the gauge of ¢ this becomes:

1
exp (—im / cdt d*x {—¢MD¢“}) : (5.42)

44



In the second exponential, we move the curl operator by a partial integration from ¢* to
U* and then insert (5.31):

1
exp (z o, /cdt d*x Uue’w‘ﬁaagbg)
1
= exp (z o, / cdt d*x qbue“aﬁ@aUg)

—exp ( . /cdtd% ZI <¢° )ii¢1 — %qs?) 6@ (x — Xi(t))>
~exp ( /cdt Z[ <¢0 (8, X,(1)) — 261 (0, X)) - %&(t,xi(t))))  (543)

Now in order to be able to integrate out the vortex trajectories and to arrive at a sensible
QFT one must make two approximations. Though their range of validity is difficult to
estimate it seems hard if not impossible to proceed without them. The first one is to say
that

SX) TN XK) — X)) = X))

The question is what is about the terms X;¢! /¢ + Y;¢?/c. Of course one could argue that
the speed of the vortices is so low compared to ¢ that one can neglect terms proportional
to X;/c and Y;/c. However, it is questionable whether one can neglect terms of first
order in the vortex velocity, even if the vortices move slowly. With the same argument
one could also neglect 9,0 in the first place. A more convincing argument is therefore to
assume that |¢°| > |¢!|,|¢?|. Then it is reasonable to further assume that the dynamics
of ¢° is influenced only weakly by the dynamics of ¢! and ¢?. In turn the dynamics of ¢
and ¢? would be "driven” by the dynamics of ¢°. We will briefly address the assumption
|8°| > |@'], |¢?| when we will discuss the meaning of ¢* below.

Be that as it may, writing ¢ = ¢° we then arrive at

exp ( - /cdt leﬁb (t, X,( ))) (5.45)

Casting this back into the discretized form and taking into account the path integrals
over the vortex trajectories we have

n—1 n—1N-1
) / [Toxo [T I ew (inot0, X2)
{I;=+1} i=0 j=0

{ </ et ) + NOI (/5 oo >>>}n- (5.4

Now we have to make the second major approximation. Since we can assume that the
system is homogeneous, the expectation value of ¢ is constant in space and we can gauge
¢ such that it is 0. This second approximation consists now in assuming that locally ¢ can
fluctuate arbitrarily strongly around its expectation value but averaging over the entire

45



volume the fluctuation is small. 1. e. if we split

d*x , d*x ,
S e tiottx) =1+ [ S e Goltyx) - (5.47)
we assume that the second term is much smaller than the first one,
d2
/ v (exp (ip(t;,x)) — 1) < 1. (5.48)

Since we have not expanded exp (i¢(t;,x)) by any means, ¢ can still have arbitrarily large
fluctuations. The condition is only that this occurs solely in few regions in space. Then
we can write the product in (5.46) as

N-1

[T (1+ ] 5 e tiot ) - )~1+Z [ S et 1. 69

Discarding irrelevant constants and recasting the result into the continuum version, we
get

5 / cdt - explid(t,x)). (5.50)

Doing the analogous calculation for the antivortex contribution and combining the results,
we have found the following approximate expression for (5.46):

(Et%/cdtd% cos(gb(t,x)))n. (5.51)

Collapsing now the series over n and combining with the previously found results, we
finally obtain for the partition function (omitting irrelevant constants)

_/D¢exp (—i/cdtd2x{ oo 2K ————¢0 ¢+—§COS(¢)})- (5.52)

As already mentioned, the temporal discretization ¢, does not drop out in the end. We
would therefore suggest to interpret €;/c as a characteristic microscopic time scale of the
system, e. g. the time in which a vortex with average speed moves by one healing length.
Nevertheless the question remains open what is its precise value or whether the fact that
it does not drop out even invalidates the entire approach.

Now let us turn to the postponed discussion about the meaning of the partition function,
in particular the value of (. First one can note that in contrast to the equilibrium case
where the grand-canonical ensemble naturally involves a summation over all possible
vortex numbers, this summation does not seem to make much sense in the real time case:
in a closed system with unitary time evolution the vortex number should be a constant
if annihilations are neglected. On the other hand this summation is necessary to obtain
the Sine-Gordon field theory in the end. Of course one could also keep only one term in
the vortex number series. But apart from the fact that this would yield a rather unhandy
QFT for high vortex numbers, this approach has the disadvantage that one usually does
not want to specify a precise vortex number (which also depends on the system size) but
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rather a vortex density.

Therefore we propose the following line of reasoning: if the prefactor (—i¢)"/n! in the
summation (5.32) were removed, all terms would have approximately the same order of
magnitude. This can be seen by considering the limit KX — 0. Then the normalization
constant of the path integral N'= V= ensures that without the (—i¢)"/n! prefactor all
terms in the series are equal in magnitude. If we now add this prefactor, we can argue
that terms with a certain n will give a much larger contribution to Z than others so that
effectively the situation in which only one term is kept is restored.

¢"/n! considered as a function of n (seen as a continuous variable) reaches its maximum
approximately at n ~ (. This can be seen by making use of the Stirling formula

¢ ¢ _ 1
i Il - Vi exp (n(ln( Inn+ 1) 5 1nn> : (5.53)

The position of the maximum can be found by solving for the zero of the derivative:

d 1
o (n(ln( —Inn+1)— 51nn> =0 (5.54)

1
S In¢—Inn——=0. 5.55
n¢—Inn o (5.55)
For ¢ > 1 this has the approximate solution n ~ (. In order to determine also the ”width”

of ¢"/n! we can expand the argument of the exponential in (5.53) to second order around
its maximum:

exp (n(ln( —Inn+1)— %lnn) A exp (C — %mg) exp (—i(n — C)2> (5.56)

where we have already inserted the approximation n,.x ~ ¢ and have furthermore ap-
proximated —1/¢ +1/2¢* ~ —1/¢ (because ¢ > 1). This shows that the width ¢ is given
by 1/C. Compared to npay =~ ¢ we have

. ~ ﬁ — 0. (557)

So additionally ¢™/n! is more and more closely peaked around its maximum for { — oo.
Therefore the terms in the series whose vortex number is around ( yield the dominant
contribution to the partition function, i. e. ( can be interpreted as the total vortex
number. In the action in (5.52) the factor (/¥ can thus be interpreted naturally as the
mean vortex density pyo.

Comparing to the well-known Sine-Gordon Lagrangian

Lsg = —%Qﬂjqb + A COS<¢) (558)

we can now read off the meaning of the parameters n and A:

n=8mKe = — (5.59)
2pvo
A= f—t (5.60)
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Now let us also discuss the meaning of the field ¢. To that end consider again the Fresnel
formula (5.37). Deriving on both sides by J; yields

r n .9 PN T ]. j2
d"yy; exp(—iay” +iJ - §) = | — —an-eXp ik (5.61)

—0o0

deriving by J; and J; with ¢ # j gives

i n . 2 T 1 J?
/ d™y y;y; exp(—iai® +iJ - §) = - WJiJj exp (Z@> : (5.62)

and so on for higher orders. In our case where J = U, y = b and a = 1/(4K€2¢;) this
implies that

(W(z)) = 2K e, (U (x)) (5.63)
V()" (y)) = (2K e2e) (UM (2)U" () (5.64)

and similarly for higher order correlators. Inserting b = €269, ¢5/2m we can write

(e"POupp(x)) = Ar K e, (UM () (5.65)
("7 0atyp(2)€°0,05(y)) = (4mKe)* (U (2)U" (y)) (5.66)

This shows that, on the level of expectation values, _

Let us explore this in a bit more detail. To ease the notation, we
will leave out the averaging brackets () from now on. One should keep in mind, however,
that this correspondence between ¢ and the vector potential of the velocity field holds
only after averaging over all configurations. Inserting the relation (5.65) into (5.31) we
obtain

1
(6“0‘5806(65%8%9‘)) = 81 Ke, Z I Xl/c 52 (x — X;(t)) . (5.67)
i Y;/c

Making again use of e“age’”‘s = 0a0p5 — 0as0s+, the left side becomes —O¢H + 0*(0,¢").
Remembering that we had gauged 9,¢" = 0, we finally obtain

1
O(¢") = —8r°Ke, »_I; | Xife | 6@ (x — Xy(t)). (5.68)
i Y;/c

This has the form of the inhomogeneous wave equation, a well-known equation in classical
electrodynamics. There one has

OA" = j*. (5.69)
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Its general solution is a sum of solutions to the free wave equation and the advanced and
retarded potentials. In two spatial dimensions, the retarded potential is given by [30]

_ _ ~
H(t, x) /dt/ Ot -t~ |x—xl/c) g, ). (5.70)
T or \/t—t’ —|x — x/|?/c?

The adiabatic limit, in which retardation effects are neglected, can be obtained by ap-
proximating j*(¢',x") ~ j*(t,x’) in the integral:

t_t, _ /
“(t, x) /dt/ x—xl/c) (X))
~ o \/t—t’ — |x — x/|?/c?

—|x—x'|/c

1 1
= — / dt’ / d*a’
27 N

_tmax

J7#(t,x')

1 |x — x/| :
=—— [ d* 1o kot x, 5.71
) g( b+ v B — m—xwma>]( b BT

where we have regularized the integral by introducing a cutoff tyax. If thnax > |x — X|/c,
the expression in the denominator becomes approximatively independent of |x — x'| and
plays the role of a mere integration constant a. Thus we obtain

AP (t,x) ——/de’lo ( ’)j“(t,x’). (5.72)

Now we can apply these results to (5.68). We assume that all vortices move much slower
than the speed of sound and that we are thus in the adiabatic limit. This yields

1

(¢/(t,x)) = 47Ke, »_ I;log <w> ):(i//c : (5.73)
i Y/c

One can now see that if X;,Y; < ¢, we have indeed |¢°| > |¢'],|¢?|, as assumed above.
¢ = ¢ is given by

o(t,x) = 4nKe, Z I;log (W) : (5.74)

i. e. the electrostatic potential created by the vortex charges. Up to the prefactor this
agrees exactly with 6,,, which we introduced previously as the vortex part of the phase
and which we are going to calculate numerically in chapter 6.

Finally one should remark that, though our derivation was performed in the real-time
formalism, it still does not explicitly take into account the non-equilibrium formalism,
which can be seen from our sloppy treatment of boundary terms. In fact a real non-
equilibrium derivation would have to treat the boundary conditions much more carefully.
We will leave such a more rigorous derivation to further research.

49



5.4 Relation between phase correlators and fundamental field
correlators

In this section we will discuss the relation between correlators of the fundamental Bose
fields and the two types of phase correlators regarding scaling. For the case of sound wave
phase correlators this subject has already been treated in depth in [8] so that we will only
give the main steps for this case while considering the case of vortex phase correlators in
more detail. For the sake of simplicity we will restrict ourselves to the one-component
case (a generalization to the more-component case is straightforward). It is convenient
to work in position space instead of momentum space, so let us translate the scaling
relation from momentum space to real space. Say f(t;k) = (Jv(k)|?) fulfills f(t;k) =
(t/to)*fs((t/to)’k), then Fourier transforming both sides yields for g(t;r) = FT{f}(t;r)

d

oltin) = (410" [ 55

o= [ Stk ig
(/10" g (t/10) ) (5.7

with gs(r) the Fourier transform of fg(k).

So let us now examine the consequences for the scaling behavior of the phase correlator,
given that g(t;r) fulfills (5.75). The crucial assumption is that fluctuations in the density
are suppressed and we can approximate

e fo((t/10)K)

g(t;r) = pO (P00t = OOt r). (5.76)

In order to express C(t;r) in terms of 6, and 6,, we employ the previously used ar-
gumentation: choose a point A sufficiently far away such that it is not affected by the
dynamics and 6(A) is constant. Then the line integral of V6 from A to x will differ from
0(x) only by a multiple of 27 and an irrelevant constant. Therefore we may write

X+r x
C’(t;r):<exp i/d@-%@—i/dﬁ-%e >

A A

X+r
:<exp i/dﬁ-%@ >

X

X+r
— <exp 7 / de - (V(95W+V X Bvo) >

X

= <exp {i(Osw(x +1,1) — Ogy(x,1)) } exp @ / de -V x 0, > : (5.77)

X

According to the frequently employed assumption that vortex and sound wave dynamics
approximately decouple we can factorize this correlator into the sound wave and vortex
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part, i. e.

C(t;r) =~ (exp {i(Osw(x +1,1) — Ogy(x, 1)) }) <exp i / dl -V x 0, > : (5.78)

X

In order to have proper scaling of the fundamental Bose field correlator one has further to
assume that either the sound wave and the vortex part show the same scaling behavior or
that one dominates over the other. In any case it is reasonable to treat them separately.
As mentioned above, the sound wave part has been discussed in detail in [8]. The result is
that, assuming the absence of accidental cancellations, the scaling relation (5.75) enforces
that

Gt {x:}) [xiefory = GiwS({Xi})|xi6{0,(t/to)75r} (5.79)

where G (t;{x;}) is the nth order connected propagator of the sound wave part of the
phase, i. e.

Ggg) (t§ {Xz}> = <95W(X17 t) .- 'HSW(XM t)>c : (5'80)

This means, in particular, that (fs, (k)05 (—k)) has the same scaling behavior as the
fundamental field occupation number (|i)(k)|?) if the sound wave part dominates.

Now let us turn to the vortex contribution. Assuming particle number conservation for
the fundamental Bose field, we may insert o = df so that we have the scaling relation
C(t;r) = Cs((t/tg)"r). Inserting the representation of C(t;r) in terms of 6., into the
scaling relation yields

<exp z'/dr’ -V X Oy(r', 1) > = <exp i / dr' -V x 0,(r', t9) > (5.81)

0 0
& <exp i/dr’ -V X 0,(r', 1) > = <eXp i/dr’ -V X 04 (s7'r 1) > (5.82)
0 0

where we have used the short hand notation s = (¢/ty)” and set x to 0 without loss of
generality. V is always acting on r’. Now we can expand on both sides:

Zm/dlel ,..dx;neiljlkl Eln]nknﬁ ax <9 I(Xl,t)---9vg(xn,t)>

n=0 1 n

— Z — /dm’ll o AT gy - Cingukn 5 7 - pen (051 (s %1, t0) ... 00 (s "X, o))
n=0 1

(5.83)

with summation over repeated indices implied and 6% the components of 6,,. First one
can infer from (5.83) that, given that the vortex phase correlators fulfill

(00 (x1,8) - 003 (%, £)) = (O3 (571, t0) - 035 (57 "%, t0)) (5.84)
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for all {k;}, C(t;r) fulfills C'(¢;r) = Cs(s~'r), too. Assuming again the absence of ”ac-
cidental cancellations” the reverse conclusion can also be established, i. e. from the
fulfillment of C(t;r) = Cs(s™'r) one concludes (5.84). Since connected correlators can
always be written as a sum of unconnected propagators, the same scaling relation is then
also true for the connected correlators, i. e. we have

GOkt {x}) = GO ({(t/t0)Pxi}) (5.85)
with
GUR (1 {x;}) = (08 (x1, 1) ... O (%, 1)), (5.86)

In particular this means that (0., (k,t) - 0,,(—k,t)) shows the same scaling behavior as
(|¥(k)[?), given that the vortex part dominates. The analogous result can be obtained
straightforwardly for the two-dimensional case.
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6 Numerics of the two-dimensional U(N) system

For the initial condition we used the "box” momentum distribution. I. e. the initial
density matrix is given by

po= 11 2% TT 1000l (6.1)

k<@ k[>Q

with @ the cutoff momentum of the box, |0)) the vacuum state of mode k and

(6.2)

99 = 5 [ doo [/ Rae™ ) {V/Foe™
2m k Kk
where we denote a coherent state with parameter o in mode k by |a)x and Ny is the
number of particles we put into every momentum mode inside the box. 1. e. we set the
number of particles in the filled modes to a fixed number but average over all phases
of the coherent state parameter. () was chosen to be 2k, with k, = 1/&p, the healing
momentum, as in [15]. For the case of N > 1, i. e. more than one field component, we
choose the same initial density matrix, given by (6.1), for every single component.
As shown in appendix C, the Wigner function for the filled modes is given in good ap-
proximation by

1 2
N, exp (—2 <\/N0 - \/ﬁ> ) (6.3)
and for the empty modes by

2 exp(—2p) (6.4)

where we write the argument ¢ of the Wigner function as ¢ = \/ﬁew.

The Wigner function does not depend on 6. This means that in our Monte-Carlo sampling
of the Wigner function every mode gets a phase which is totally random. The modulus
receives a Gaussian noise instead. However, for extremely high occupation numbers as
are typically chosen in this kind of simulations, this Gaussian noise does not play a very
important role. In contrast, the randomness of the phase is essential for obtaining out-
of-equilibrium initial dynamics.

The numerical integration of the Gross-Pitaevskii equation (1.4) was performed with the
Fourier split-step algorithm.

It turned out to be a central problem of the numerical study of phase correlators that these
are objects living in the far IR, i. e. they describe extremely large-scale structures. This
requires correspondingly large lattices. E. g. using a 512 x 512-lattice as employed in [12]
turned out not to be sufficient at all since only a ”thermal tail” of the phase correlator
was visible for this lattice size. Here we generally used a 4096 x 4096-lattice for the one-
component simulation and a 2048 x 2048 lattice for the three-component case. These huge
lattice sizes still were not able to capture the behavior of the phase correlators very well but
even larger ones were beyond the scope of the available computational resources. Apart
from the long computation time, a limiting factor is also the huge memory requirement
of large lattices.
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Figure 6.1: Occupation number in the two-dimensional U(1) system.
In the following, all quantities are expressed in numerical units, see appendix A for details.

6.1 One-component system

We chose the following parameters for our simulation, expressed in numerical units:

g=3x10""° (6.5)
0 =2384.2,

corresponding to 4 x 10 particles on a 4096 x 4096 lattice. In general, we averaged over
N = 40 truncated Wigner runs.

First we consider the usual fundamental Bose field correlator. It is plotted in figure (6.1)
(as for the 1D spin system, rescaled plots can be found in the appendix). Fitting the
scaling function we obtain

a = 0.44 £ 0.06 6.7)
B =0.23+0.03. (6.8)

This agrees well with earlier findings [16,31]. For § one observes the ”anomalous” value
f ~ 0.2 instead of § =1/2.

So let us now turn to phase correlators. We consider first the sound wave phase correlator.
The result is plotted in figure (6.2). One can immediately see that scaling takes place only
in the far infrared. The largest part of the spectrum is non-scaling and characterized by
a thermal k=2 power law instead. This renders the study of phase correlators numerically
tempting since very large lattices are necessary. As in the 1D case there exists no plateau,
indicating the lack of a characteristic length scale. However, since here we can see only
a small part of the momentum regime where scaling in the phases is present (due to
numerical limitations) it is not completely clear whether such a length scaling is entirely
absent or simply lies too far in the IR to be observed. A final resolution of this question
could only be achieved by employing much stronger computational resources.
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Figure 6.2: Sound wave phase correlator in the two-dimensional U(1) system.

Be that as it may, as in the 1D case we fitted a scaling function containing only one single
exponent v = a — k. The result is

v =—0.89+0.18. (6.9)

Note that here, in contrast to the procedure employed elsewhere in this thesis, we took
the latest time as reference time instead of the earliest one due to an apparent outlier in
the data of the earliest time.

As can be seen in the plot, K = 3 agrees well with the data. However, kK = 7/2, one of
the predictions of the analytical theory, would still be acceptable, too. x = 4, another
prediction of the analytical theory, seems less likely.

If k is given and we define o and 8 by demanding o = df, we have § = v/(d — k) and
a =dvy/(d— k). In our case, assuming x = 3, this yields

a=179+0.37 (6.10)
B =0.89+0.18. (6.11)

Assuming instead k = 7/2 we obtain

a=1.1940.25 (6.12)
B=06+0.12. (6.13)

Interestingly, the $ that comes out here seems to be much higher than 0.2 although the
fundamental fields scale with § ~ 0.2. This demonstrates two things: first, this is a
further evidence that the anomalous f is caused by the dynamics of vortices; second, one
can see that even in a scenario where vortices dominate the sound wave part can have
independent dynamics and exhibit scaling on its own.

Unfortunately, these results are in rather poor agreement with the analytical prediction
for the sound wave phase correlators outlined in [8]. Depending on which contribution in
the quantum Boltzmann equation dominates, the prediction is either 5 = 1/2 and k = 4
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Figure 6.3: Vortex phase correlator in the two-dimensional U(1) system.

or f=1/3 and k = 7/2. kK = 4 seems rather unlikely from the data (though it cannot be
entirely excluded). Assuming k = 7/2 instead yields a 8 which is close to 1/2 but not to
1/3. k = 3 gives a rather unusual 8 close to 1. One should, however, also keep in mind
the rather high errors caused by the poorness of the data. Numerical errors could also
play a role. This is due to the ”delicateness” of the phase observable.

Let us now turn to the vortex phase correlator. It is plotted in figure (6.3). One observes
that it follows a very strict =% power law. However, below a certain momentum threshold,
it obeys a thermal k=2 power law instead. This is most likely a numerical artifact, caused
by a ”washing out” of the phase information at a certain distance.

One obtains

v =—0.49 + 0.06 (6.14)
corresponding to

a = 0.49 +0.06 (6.15)

£ =0.24+0.03. (6.16)

This small exponents for the vortex part of the phase correlator suggest that the anoma-
lously small exponents which characterize the scaling of the fundamental field correlator
are caused by the scaling of the vortex part of the phase.

We want to show that the k = 4 power law can be explained by a simple model of ran-
domly distributed vortices. This is similar to the arguments proposed in [12] explaining
a k=2 power law in the "kinetic energy” of the velocity field, i. e. V2. Here, however,
we want to demonstrate this for (6, (k)6fyo(—k)), i. e. correlators of the vector potential
of the velocity field. To that end consider the Fourier transform of the velocity field of a
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Figure 6.4: Occupation number in the two-dimensional U(3) system.

single vortex located at position X:

2 q —W=Y)\ ikx
/d o= X2+ (y—Y) ( r—X )e
— kX [ 2, q -y oikx
2 +y? \ v
o2 [ —k
1k-X

where in the third line we have made use of a result from [12]. Now say we have a system
of vortices with positions X; and charges ¢; = +1. Then 0,,(k)0,,(—k) is given by

Z 1+ Z qiqjeik'(xi_xf)] : (6.18)

i i#

472
kA

Assuming that the vortices carrying +1 and —1 charge are distributed randomly we can
average over all possible {¢;}, which causes the second term in brackets to vanish. The
first term yields the total number of vortices, i. e. if py, is the mean vortex density and
V the volume of the system we get

(Buol10)on(—K)) = 4% prV (6.19)

i. e. we obtain k = 4.
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Figure 6.5: Sound wave phase correlator in the two-dimensional U(3) system.

6.2 Three-component system

In the three-component case we chose the same parameters as in the one-component case
for every single component:

g=3x10""° (6.20)
PO =2384.2, (6.21)

corresponding now to 10!° particles in each component on a 2048 x 2048 lattice. We
averaged over N = 25 truncated Wigner runs. Exploiting the U(3) symmetry of the
system we averaged additionally over the three different components.

As in the one-component case we will first consider the fundamental field correlator. To
our knowledge, this is also the first time that this system is considered at all (there have
been studies of three-component spin systems in 2D [32,33] but due to the additional spin
interaction these systems are not really comparable). The plot can be seen in figure (6.4).
The fitting procedure yields

a=1.0=+0.06 (6.22)
B =0.5+0.03. (6.23)

g = 1/2 is fulfilled to a very high accuracy. This shows that apparently an anomalous
fixed point as in the one-component 2D system is not present in the three-component
system.

The sound wave phase correlator in the three-component system is plotted in figure (6.5).
Similar to the case of the vortex phase correlator in the one-component system, we ob-
served a thermal k=2 power law below a certain momentum threshold, probably caused
by a ”washing out” of the phase by the numerics. This part is cut out in figure (6.5) while
the full plot can be found in the appendix. As one can see here, a power law characterized

28



by x = 5/2 fits best to the data. The fitting procedure yields for

v = —0.27 £ 0.05. (6.24)
With x = 5/2 this corresponds to

a=1.07+021 (6.25)

B=053+0.1. (6.26)

This value of 3 agrees with the analytical prediction. However, x comes out too small

since from the scaling analysis of the Boltzmann equation one would expect x = 3 instead
of Kk =5/2.
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7 Kinetic theory of the Sine-Gordon model

Motivated by the fact that in a previous section we proposed arguments why the 2+1D
Sine-Gordon model might approximately describe the dynamics of vortices, in this section
we will make the attempt of developing a kinetic theory of this model in 241 dimensions.
Apart from the question of vortex dynamics, this is also a subject of interest in itself
due to the plethora of applications the Sine-Gordon model has in different branches of
physics [34]. We start from the Lagrangian

1 1
L= _%¢ (O4m*) ¢+ A (cos(¢) + §¢2 — 1)
—_i 2 14_16 18
- 2n¢(D+m)¢+)\(4!¢ 5 T gi? +> (7.1)

In this version of the Lagrangian spontaneous symmetry breaking has already occurred, i.
e. ¢ = 0 in one of the minima of the potential. The 1 parameter makes sure that the field
¢ is dimensionless so that it can be the argument of the cosine. If there are no additional
mass terms in the Lagrangian apart from that in the cosine potential, we have m? = n\.
For simplicity we have not inserted the "speed of light” ¢ explicitly here and will set it to 1
in the following. However, one should keep in mind that if the Sine-Gordon model serves
as an effective description of some other model, it might have a dependence on several
parameters in the original theory. For example in our case it is given by the speed of
sound in the Gross-Pitaevskii system, which in turn depends on the mass of the particles,
the density and the coupling.

7.1 2PI effective action and self energies

Unfortunately, Sine-Gordon theory does not possess an O(NN) symmetry or more than
one field at all so that a straightforward 1/N expansion is not possible. However, the fact
that the § = 1/2 prediction from 1/N resummation was shown to be true also in systems
where N = 1 [15,35] seems to suggest that with regard to scaling all that matters is to
sum contributions of every order in the coupling constant. Thus our calculation of the
2PT effective action of Sine-Gordon will merely be inspired by 1/N resummation in so far
as we include only "ring-like” diagrams.

More specifically, we will include only diagrams where every vertex is connected to exactly
two neighbors (cf. figure (7.1)) (the case of two vertices is special and must be treated
separately because here each vertex can have only one neighbor). Furthermore we will
not include "tadpole” contributions, i. e. diagrams where a vertex is connected to itself.
In principle the number of connecting propagators between two vertices can be arbitrarily
high. However, as we are treating a Lagrangian with a cosine-potential, we can have only
even-fold vertices. This requires that the number of connecting propagators be either
even or odd between all vertices. This gives two different contributions to the effective
action, I'¢[G] and T',[G].

Let us first consider the even case. 1. e. we have n > 2 vertices that can each be connected
by 2,4,6... propagators to its neighbors. From the expansion of the exponential we get
1/n!. There are (n — 1)!/2 possibilities of swapping around the vertices, so the prefactor
of the nth term is (iA\)"/2n. Let us numerate the vertices by i and denote the number
of propagators between vertex ¢ — 1 and ¢ by 2k;. Then the vertex ¢ is 2k; + 2k, ,-fold.
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Figure 7.1: Some of the diagrams we include in the computation of the effective action of
the Sine-Gordon model. These are still of the "ring” type but the number of propagators
between two vertices is arbitrary now, as long as it is always even or always odd.

We have (2k; + 2k;11)!/(2k;)!(2k;11)! possibilities to choose which of the outgoing lines
we want to connect with vertex ¢ — 1 and which with vertex i + 1. Additionally we have
(2k;41)! possibilities to permutate the outgoing lines that we have chosen to be connected
with vertex i + 1 (it is important to include this factor only for one of the neighbors
of each vertex because otherwise we would count it twice). Finally we have a factor of
(—1)kitkier /(2k; + 2k;11)! from the expansion of the cosine in the Lagrangian. But in
the final product the total sign factor will be (—1)?¥i* = 1, so we can discard the factor
(—1)kitki+1 (in contrast in the odd case the sign factors give a total (—1)"). Putting
everything together yields a combinatorial factor of 1/(2k;)! for vertex i. In total we have

/ doy.dn, 3o 3 [] Gl

zéﬂmMﬂ%Wﬂﬁ—M®%MG@y»—lﬂ. (7.2)

Here Inj; is the logarithm considered as a matrix function whereas the hyperbolic cosine
is a function in the normal sense. In order to get a nice and compact expression, the
sum starts at n = 1 although above we excluded the case n < 3. One can collect the
corrections due to this fact in a oy-order|G] that we will neglect here.

Let us now consider the odd case. This case is more involved due to the 2PI requirement:
if there is only one pair of vertices connected by only one propagator but all the others are
connected by at least three propagators, we still have 2PI, but more than one such pair
is not allowed. However, for simplicity we will neglect such diagrams where one single
connection is one-fold and assume that the number of connecting propagators is always
> 3. Then we get analogously to the even case

= (IA)" N = = : i +1
[G]:_ZZ;(WZ /dxl...d:vnkz_l--~kz_l( 11 Qk 1 G (25, 0i41)""
:%ﬂme@—waMmm@@y»—G@yD} (7.3)

From these expressions for the effective actions one can now calculate the self-energies. We
will use the same notation as in the introduction which in turn stems from [7]. The calcula-
tions are similar to those for ¢* theory, one only has to replace G(x,y)? by cosh(G(x,y))—1
and sinh(G(z,y)) — G(z,y), respectively. In this way one gets

e(z,y) = Asinh(G(z, y))Le(z, y) (7.4)
o(z,y) = =A(cosh(G(z,y) — 1) I,(x,y),

M
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where the /-functions fulfill:

I.(z,y) = —A(cosh(G(z,y)) — 1) + i)\/le(x, z)(cosh(G(z,y)) — 1) (7.6)

z

I,(xz,y) = A(sinh(G(z,y)) — G(z,y)) — i)\/[o<l‘, 2)(sinh(G(z,y)) — G(z,y)). (7.7)

z

Now we have to perform the decomposition into p- and F-components. Therefor it is
useful to use the identities

cosh(G(a, ) =cosh ( Flev) = Gl nsene(a” ~ 5"
— cosh(F(z,y)) cos(p(z,4)/2)
— isinh(F(z,y)) sin(p(z, y)/2) sgne(2° — °) (7.8)
sinh(G(z,y)) =sinh (F(w, y) — %p(x, y) sgne(z’ — y0)>
=sinh(F(z,y)) cos(p(z,y)/2)
—icosh(F(z,y))sin(p(z, y)/2) sgne(z° —3°). (7.9)

Using these identities and following the analogous procedure as for the ¢* theory, we
obtain the spectral and statistical components of the self-energy in the even case

Yre(r,y) =Alsinh(F(z,y)) cos(p(z, y)/2) Ire (2, y)

- % cosh(F'(z,y)) sin(p(z,y)/2)Lp.e(z, y)] (7.10)
Spe(®,y) =A2cosh(F(z, y)) sin(p(z, y)/2)Ipe(2, y)
+ sinh(F(z,y)) cos(p(z, y)/2) 1y (@, y)] (7.11)

and in the odd case

Ypo(®,y) = = A[(cosh(F'(z, y)) cos(p(x, y) /2) = D)Iro(2,y)

— S S (E (2, ) sin(p(z,4)/2) ()] (712
o, ) =~ Al2sinb(F(x,9)) sin(p(z ) /2) ol )
+ (cosh(F(z,y)) cos(p(x, y)/2) = 1)1po(z,y)]. (7.13)

The expressions for the I, and I functions are the same as in ¢* theory, one only has
different summation functions II, and Ilp:

pe(r,y) = —A(cosh(F(z,y)) cos(p(z, y)/2) — 1) (7.14)
I, (2, y) = —2Asinh(F(z, y)) sin(p(x,y)/2) (7.15)
ro(2,y) = A(sinh(F(z, y)) cos(p(z,y)/2) — F(z,y)) (7.16)
I, (2, y) = A(2 cosh(F(z,y)) sin(p(z,y)/2) — p(z,y)). (7.17)

7.2 sin(p/2) and cos(p/2) in momentum space

In this chapter we want to discuss how to treat the terms sin(p(z,y)/2) and cos(p(z,y)/2)
showing up in the self energies obtained above. In particular, we want to find their momen-
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tum space representation, which will be necessary for obtaining the Boltzmann integrals.
In first-order gradient expansion p does not depend on central time. Furthermore the
on-shell approximation assumes that we can insert the free spectral function for p. In
momentum space it is given by

6(p° — /P> +m?) —6(p° +/p 2+m2
p(p) = 2 (7.18)
2y/p? +m?

Now we want to determine it in position space (with ¢t = 2% — ¢" and r = |x — y|):

=i f PP it ey SO VPP H M) — 000 + /P )
9 3 : :
) 2,/p?+m?
= / p P (x— )Sm(\/mt)
2r) N

N 2 2t
_ i/dpjo (pr)p VPt ) (7.19)
0

Surprisingly this last integral permits a simple analytic solution. With the help of formula
(8.7.20) of [36] one arrives at

p(t,r) = %sgn(t}@(t2 - r2)608%r2).

Now we have to perform the Fourier transform of sin(p(x,y)/2) and cos(p(z,y)/2). Writ-
ing s =z —y, w=p" and p = |p| we have:

(7.20)

SFT {sin(p(9)/2)) = 7 [ @ isesinp(s) 2

o0 (e 9]

, , O(t? — r?) cos(mV/12 — r2)>
A [ dt | drJ, t
7r0/ 0/ rJo(pr)r sin(wt) sin (77 P

(7.21)

FT {cos(p(s)/2)} = [ d*" se™* cos(p(s)/2)

o0 (e 9]

2 .2 2 _ 2
0 0

\

(7.22)

These integrals look hardly analytically solvable. We have therefore solved them numer-
ically. Therefor it is useful to note that not all combinations of the parameters n and m
have to be checked since it is only the product mn which determines the behavior of the
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integral. This can be seen by rescaling by a factor of v, i. e. m — m/~v, n — n. Then

O(t? — r?) cos(m/yVt2 — 7"2)>

4 dt [ drJ rsin(wt) sin
Wo/o/ o(pr)l()1<7n pP

— Zdt Zdrjo((vp)r)rsin((vw)t) sin (n@(tz - Z?\C/(:(_Lﬂtz - r2)) (7.23)

and analogously for FT {cos(p(s)/2)}.

The numerical evaluation is performed by discretizing the integration variables r and ¢
in (7.21) and (7.22) with a spacing € and introducing an upper integration limit R. This
corresponds to introducing an IR-cutoff Ajg ~ 1/R and an UV-cutoff Ayy ~ 1/e. One
has to make sure that they are far away from the characteristic momentum scales m and

1/n, i e.
A]R <m, 1/7’] < AUV- (724)

The interpretation of the numerical results is highly intricate since we have four param-
eters (m, n, € and R) and the entire w-p plane to look at (see appendix D for plots).
Additionally the results are expected to be d-function like. At the first glance it seems
that we can well approximate

SFT {sin(ols)/2)} = TFT {0(5)/2} = p(p)/2 (7.25)
FT {cos(p(s)/2)} = FT {1} = (2m)36@*D(p). (7.26)

However, having a closer look reveals that especially the case of the approximation (7.25)
is a bit subtle. In fact it turns out that instead of p(p)/2 we rather get

| (000 = VI - " - VT )

2./p? + m?
- (5<p0 + /P2 4+ m?) — 8,(p° + \/m))] (7.27)

where §,(x) approaches d(x) for n — oo so that the entire expression approaches 0 in
this limit. Therefore one has to assume that the integration regions in the (p°, p) space
which yield the dominant contribution in the Boltzmann integral in the end fulfill p® £
P Fm < 1/,

Although they are still debatable, in the following we will always assume (7.25) and (7.26)
because otherwise a scaling behavior of the resulting Boltzmann equation would hardly
be possible.

7.3 Non-relativistic limit and ¢* theory limit

In the following we will consider the non-relativistic limit of Sine-Gordon theory. This
is necessary because it has a mass m > 0 so that it becomes effectively non-relativistic
at low momenta. Since the relativistic dispersion \/p? + m? a priori does not scale in p,
scaling is only possible in either the non-relativistic (|p| < m) or the ultra-relativistic
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(Ip| > m) limit. One can obtain the non-relativistic limit by expanding the free spectral
function (7.18) to lowest order in |p|. This yields

p(p) ~ 27Tim <5(p0 —m— p—m) —0(p” +m+ p—m)) . (7.28)

f(p) is then defined by f(p) = f(m + p?/2m, p).

Another quite instructive limit of Sine-Gordon theory is ¢* theory. To be precise, in the
expansion of the — cos(¢) potential of the Sine-Gordon Lagrangian the ¢* term has a
negative prefactor so that strictly speaking no ”¢* theory” limit of Sine-Gordon exists.
The resulting theory would be sick because energy would not be bounded from below.
Nevertheless we will denote by this name a limit in which only the first few terms of the
cosine series are taken into account (e. g. expanding up to order ¢° we would have again
a theory whose energy spectrum is bounded from below).
Let us adopt the approximation cos(p(z,y)/2) ~ 1 and sin(p(z,y)/2) ~ p(z,y)/2 that
was at least made plausible above. Then it is straightforward to show that addition-
ally expanding sinh(F(z,y)) ~ F(z,y) and cosh(F(x,y)) ~ 1 in equation (7.10)—(7.17)
will recover the well-known expressions for the self-energies in ¢* theory with a negative
coupling A (up to "quantum terms”, i. e. terms that contain less fs and are typically
neglected). Whether we are in the perturbative regime of the hyperbolic functions (i. e.
in the ¢* limit) or in the non-perturbative regime (i. e. beyond ¢* theory) can be seen
from the parameter Fy = F(z —y = 0). If Fy < 1 we have the former case, if Fj > 1 the
latter.
Using F(p) ~ f(p)p(p), f(p",p) ~ —f(—p",p) (the infinite contribution from the 1/2-
terms will have to be renormalized away anyway) and the expanded form of the spectral
function (7.28) one obtains in the non-relativistic case

Ry =10 (7.29)

m

with ng the average density of particles. In a relativistic setting Fy has no simple inter-
pretation.
In the following, we will assume that we are in the regime beyond ¢* theory, i. e. Fy > 1,
because the ¢* theory results are well-known.

7.4 Scattering Integral

In the following we will always assume f(p) + 1/2 =~ f(p) in order to ease the notation
and to avoid renormalization issues. We will also mostly suppress the dependence on the
central time ¢ unless necessary. Furthermore we will introduce the shorthand notation for
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the Fourier transforms of the hyperbolic and trigonometric functions

=.(p) = FT {sinh(F)} = / 2+ e sinh(F(s) (7.30)
Ec(p) = FT{cosh(F)} = / d**tse”* cosh(F(s)) (7.31)
0u(p) = JFT{sinlp/2)} = ; [ s sin(o(s)2) (7.32)
0u(p) = FT{cos(p/2)} = [ d¥1sem cos(o(s)2) (7.3)
and
QR (p) = / 2+ e sin(p(s)/2)0(s°). (7.34)

The right hand side of the Boltzmann equation is given by

[e.e]

| S0P ®) - Seliplo) (7.35)

In the following we will only consider the "even” self energies given by equation (7.10),
(7.11) and (7.14), (7.15). In the ¢* limit Fy < 1 the "odd” contribution vanishes, in the
opposite limit Fj > 1 its behavior is very similar to that of the "even” one.

The product in real space is a convolution in momentum space. Furthermore Ip(p) =
p(p)ves(p) and I,(p) = I1,(p)ve(p). In total we have 4 terms in the scattering integral:
¥,(p)F(p) gives 2 and Y (p)p(p) gives 2. We will denote them by C@[f](p), CO[f](p),
C[f](p) and CD[f](p). Without further approximations and assumptions they read

) = =22 [ Lo [ 0up—ai - a2 - a)Zela)

9149293
0

X (Ze(q2)9%e(gs) — (2m)°03 D (g2)0% 7D (gs)) ver(q2 + g3) (7.36)
COLF)(p) = - 2X° 70 T won) [ 0o - m)= )

X Es(q(;)Qs<q3)Ueff(q2 + q3) (7.37)
Cf](p) =N? ]Od—i)p(p) /m% Qlp— a1 — 4> — 43)Zs (1)

o(@2)Q(gs) — (27)°6% (2)0% (g3)) verr(gz + g3) (7.38)

dp® _
ip(p) / Qp—q1 — 2 —¢3)=c(qn)
q14243

X

>,
)

COLf)p) =N [ L

(11 <

X s(q2)Qs(q3)veff(q2 + Q3) (739)
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where

1
1+ Tg(p)?

Ma(p) = —2) / Q™ (p - q)=.(q). (7.41)

q

Vet (D) (7.40)

Now we will simplify this by the assumption Q,(p) =~ p(p)/2, Q.(p) ~ (27)36@+V(p) and
Of(p) ~ G¥(p)/2. Furthermore we will assume that Fy > 1 such that we can neglect 1
compared to cosh(F'), i. e. the second term in the big brackets compared to the first one.
This approximation is not necessary for scaling but eases the notation. In fact the effect
of subtracting the product of the two delta functions is to cancel the first term in the
expansion (7.50). Occasionally it might be necessary to reinstate it to avoid divergences.
This gives:

o0

O =N [T to) [ oo - w)Ea)E e vale) (7.42)
O = [ L i) [ oo - BB -a)  14)
COfIE) =3 [ Toplp) [ 20— a)Zular)venlar) (7.44)

™

o = [ Lo [ oo ) ma) B e vates +a0) (7.85)

Ir(p) = —A/GR(p — 9)Es(q)- (7.46)

7.5 Scaling Analysis

7.5.1 Combination of m terms

As mentioned above, we will only consider the non-relativistic limit in the following and
we will do so by using the expanded spectral function (7.28). We will first show how one
obtains the non-relativistic limit in ¢* theory in this way and then turn to the case of
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Sine-Gordon. So let us consider the example term

/ W )p(p) [ oo = - adr@ota) s (@)ola o + o)

T q192
7 2 2
o [0 (568 = m— oy -6+ m+ 2)
_ _ 2
X/ (5(p0—q(1)—qg—m—(p (;1m @)
2
56° — ) — g +m+ 2 (;n %) ))
o) (St —m = 38y — (g + o+ )
o9\ o9 5
X f(q2) { 0(qgg —m 2m) 5(q2+m+2m) vet(q1 + q2)- (7.47)

Now we can perform all integrals over the 0-components and use f(—p°, p) ~ —f(p°, p).
This will in total give 8 contributions, e. g.

2 2 2 2
P g 9 (pP—ai—qo)? qf | a9
S—om P _ 4 (2 7
fe) /QIQQ [ (=2m+ 2m  2m  2m 2m Joer(2m + 5 om 2 T %)
PP a 9 (pP—qi—qy)? ai | @B
+O(— 4 L — 2 — Joert(—o— + 5= a1 +a2) + .. | flar)f(az).

2m  2m  2m 2m 2m  2m

(7.48)

There are two distinct kinds of terms: those like the first one in the big brackets that still
contain m-terms in the delta function and those like the second term that do not. Since
we are in the non-relativistic limit, all typical momenta p, ¢, g2 < m, so we can neglect
terms of the first kind because the argument of the delta function can only become 0 for
atypical momenta for which the f-functions are extremely small. Therefore everything is
scaling again.

7.5.2 Requirement for the scaling of sinh(F') and cosh(F)

Whereas we could find a simple approximation for the Q(p) and Q.(p) functions that
is perfectly scaling, it is not a priori clear why the Z4(p) and Z.(p) functions, i. e. the
Fourier transform of sinh(F(z,y)) and cosh(F(z,y)), should show scaling behavior. One
way is to assume Fj < 1 so that we can expand the hyperbolic functions to lowest order
(¢* theory limit). However, the case Fy > 1 is more interesting because it is beyond ¢?.
In this case scaling behavior can only be achieved by demanding a suitable condition on
the scaling exponents. It will turn out that this condition in the non-relativistic case is
nothing else than particle conservation a = df.

Written as convolutions in momentum space the =Z-functions read (neglecting again the
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1/2-terms)

Zs(p) = f(p)p(p) + 1 flo—a1—@)p(p — a1 — @) f(a)p(q1) f(g2)p(g2) + ... (7.49)

|
3! q192

Ee(p) = (2m)%6H (p) + %/ fo—a)plp—aq)f(a)pla) + ... (7.50)

Inserting (7.28) for p and performing the integrals over the 0-components one can see that
in the expansion of Z(p) only delta functions containing an odd number of ms can be
present whereas in the expansion of Z.(p) only those containing an even number of ms
are present. Roughly one could say that in position space Z4(p) contains parts oscillating
with a frequency of (approximately) m,3m,5m,... and Z.(p) with 0,2m,4m,.... This
makes sure that in the scattering integral we can still ”combine” different delta functions
in the right way to contain no ms in the end so that we have proper scaling.

Let us assume that we have already ”combined” all momenta in a way such as to give delta
functions containing no m terms. I. e. F™ in momentum space would give expressions of
the kind (omitting prefactors)

/ S(h(p,di,- -, On-1))f(P—a1 — - — dn-1) f(q1) - .. f(Qn-1) (7.51)

where h(ky,...,k,) is a function with the property h(sky,...,sk,) = s?h(ky, ..., k,).
Making the ansatz f(t;p) = t*fs(t’p) (where we have set t, = 1 for simplicity) one has

tm/ S(h(Pydis- -y An-1)) fs(tP(P—a1 — -+ — du1)) fs(tar) - .. fs(tPquor).

(7.52)

Rescaling p — t°p one gets a factor of ¢~dn=DA+20+na — ynla=dB)+(d+2)8 i front where
for clarity we have reinstated a general dimension d. We want to make sure that every
single term in the expansion of sinh(F') and cosh(F) scales in the same way. Therefore
n(a —dp) + (d + 2)5 must not depend on n. This can only be achieved by demanding
«a = df which is nothing else than particle conservation.

Note that in usual ¢* theory one has to postulate scaling and a conservation law as well.
Here one gets the conservation law for free if one postulates only scaling. One should
also note that in the relativistic (massless) case a similar analysis yields o = (d — 1)
as necessary conservation law. This is neither particle nor energy conservation. It would
therefore be an interesting question whether this conservation law could be realized in
such a system.

7.5.3 Scaling of Sine-Gordon theory

With these preliminaries we can now perform the scaling analysis of Sine-Gordon theory.
The point is that actually the scaling analysis of the ¢* theory remains perfectly valid (for
completeness we will perform it for Sine-Gordon nevertheless) — only the question which
term dominates is completely different. The reason is that ¢* theory is just an expanded
version of Sine-Gordon — but according to the above demand every term in the expansion
of sinh(F') and cosh(F') scales like the first one.

In ¢* theory we have also 4 terms if we approximate [Ip = F? — 1/4p? ~ F? in the first
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place. In symbolic notation, suppressing all integrals, arguments, prefactors and v.g, the
scattering integral then reads

1
2pF° + pF3 — pF3 + §p3F. (7.53)

These terms correspond exactly to the four terms (a), (b), (c¢), (d) for Sine-Gordon.
Interestingly the first three terms scale with the usual 5 = 1/2. However, the fourth one
will have two fs less in the end and therefore scale with two « less. For a = df8 and
d = 2 this gives 3 = 1/6. Of course in ¢* theory this fourth term will be extremely
subdominant. But in Sine-Gordon the situation is entirely different, at least in the non-
perturbative regime where Fy > 1: here we do not have sinh(F') ~ F and cosh(F') ~ 1 but
| sinh(F)| ~ cosh(F). Therefore the term (d) scaling with 5 = 1/6 might be comparable
or even dominant compared to (a), (b) and (c). If one compares (d) to (a) and (b) in
equation (7.42)—(7.45) and assumes that =,(p) and Z.(p) have the same order of magnitude
one can see that the latter still contain “one f more”. But on the other hand (d) has ”one
p more” compared to these terms. We will give an estimate for which might outweigh
below.

By construction it does not matter which of the terms in the expansions (7.49) and (7.50)
we choose for the scaling analysis — they all scale the same. Therefore we will make
the easiest possible choice: perform the analysis for the first term in (7.49) and (7.50),
respectively. Let us first consider veg for which we need I1%:

Mg(p) = — A/GR(p —q)=s(q)

i 1 1
== om | o . b
¢2m \ p0— g0 —m— B9 e p0— g0 +m+ P e

@ Z (50 —m - L) 5 4 m+ L)) 1
| L

2m 2m

—n? 1 1
B T~ ; 7.54
(Zm)Q/qLO_%‘FM—I—ie p0+Q_;_(p;qg) +ie+ ]f(Q) ( )

2m

Making the ansatz f(t;p) = t*fs(t°p) one has

S . .
(2m)? Jq | p° % + % Tie  po+ ;1721 (P;n?)Q ie

Rescaling p — t?p, p® — t72%p° one gets a factor of t* in front. Therefore veg will give
t=22. Now let us turn to the rest of the scattering integrals. We will only perform the
analysis for the contributions (b) and (d) (for the remaining ones it is very similar). For
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(b) we have (omitting the prefactors)

o) (560 - m= 2y~ +m+ 2)
></ (5(p°—q?—qg—m— (p_(;lm_qZ) )

_ o 2
S0 — 0 — 0 (P— a1 —ay)
P —d —g+m+ v )

N—

<100 (8068 - m— 8 — st 4+ )

+

2 2
q q
X {f(qQ) <6(qg —m— ﬁ) —6(q3 +m + ﬁ)) + .. } Vert(p — q1)- (7.56)
One example term of the many terms one gets is
2 2 2 N 2 2 2
SA @ o), (P ) ) )

p
f(p)/qlq?d(Zm 2m  2m 2m

Inserting f(t;p) = t*fs(t’p) and rescaling p — ¢t Pp one obtains in total a factor of
= t*728 50 the scaling condition yields

t3a72-2ﬁ+2,372a
a—1l=a—-2p (7.57)
e B=1/2 (7.58)
The same is true for (a) and (c). Now let us turn to (d), which is different. We have
[ 0 0 p’ 0 p’
/dp (5(p —m—%) —4(p +m+%))
0
(P— a1 — a2 — q3)°
X 0’ —d) —dy — a3 —m — )
/qmzq;s ( 2m
2
5 — 0 — g0 — 0 P—ar — a2 —q3)
P - —g—gs+m+ 5 )
X [(27r)35(2+1)(q1) +.. ]
0 qa 0 a3
X {f(f_h) (5(% —m—%)—(S( 2+m+%)> + ]
0 a3 0 5
X (5(q3 —m — %) — (g3 +m + %)> Vet (g2 + q3)- (7.59)
Again we consider only one example term:
2 2 2 2 2 2
PP, 4 9 (P—ai—q) qi | 9
0(—+— — — — off(—=— + —, .
/q1012 (2m + 2m  2m 2m ) (et ven( 2m + 2m 4+ )+ (7.60)
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Now we get a prefactor of t~*~2# so that the scaling condition reads

a—1l=—-a—-20 (7.61)
&2 +28=1. (7.62)

Inserting ov = 23 this yields 8 = 1/6.
One should keep in mind that this sloppy kind of derivation of course is only sufficient
for the question of scaling — not the question which term dominates.

7.6 Estimating which term dominates

In a heuristic way we want to derive a very rough condition for the dominance of the
term (d) scaling with 5 = 1/6 (assuming in the first place that we are in the non-
perturbative regime F > 1). This term has "one p more and one f less” compared to
the terms (a) and (b). First one can note that in the plateau region f(p) ~ nof? with
ng the number of particles per volume and & the spatial coherence length. Therefore
no&? is the "enhancement factor” a term gets due to "one f more”. Next we have to
determine the enhancement factor due to one p more. In the non-relativistic case the free
spectral function comes with an 7/m factor in front. However, in contrast to f (which is
dimensionless) n/m has the dimension length squared. So in order to estimate whether it
is large or small we have to compare to another length scale squared. The most natural
length scale in this context to compare with is the spatial ” coherence length” ¢ of the Z,(p)
and Z.(p) functions. So the enhancement factor due to one p more would be ~ n/(mé&?).
In order that the term with one p more dominate its enhancement factor has to be much
larger than that of the terms with one f more, i. e.

n
o L pete (7.64)
m
1/2 _
o (g) ? 5 nog?e, (7.65)

The question remains what is £. It is almost certain that & < ¢ since sinh(F) and
cosh(F') decay much faster in position space than F', but the exact factor is not ob-
vious. Assume for a moment that the spatial and temporal dependence of F' can be
analyzed independently (i. e. that F' factorizes) and consider only the spatial part. One
can make different assumptions on how it looks like. E. g. one could say that it is of
the form ~ Fyexp(—[s|/€). Then in sinh(F) ~ cosh(F) ~ exp(F)/2 one can expand
exp(Fy exp(—[s]/€)) ~ exp(Fy) exp(—Is|/(€/Fp)) and we obtain £ = &/Fy = m¢ /(o).
However, one could also make a different ansatz for the spatial dependence of F' such as
~ exp(—|s|?/2¢2%) whereby one obtains & = &/v/Fy = £y/m/nnq.

What is the "right” choice for & and whether these heuristic arguments are correct at
all remains debatable. It might also be possible that phase space factors are much more
important for the dominance of a term. Deciding these questions would require a more
precise knowledge of the form of F(s) and a much more thorough treatment of the Boltz-
mann integrals, probably also numerically. We leave this to further research.
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8 Numerical treatment of the Sine-Gordon model

Though it would be highly desirable to simulate the Sine-Gordon model itself, it turned
out that this is numerically quite tempting. The reason is that the momentum spectrum
is extremely ”stretched out”, i. e. f(k) > 0 for a very broad range of momenta. This
is likely caused by the fact that one has dynamics at very short distances (dynamics
within one minimum of the cosine potential) and at long distances (large-scale structure
formation) alike. This is problematic because at the same time one has to make sure
that the IR is still sufficiently well resolved for extracting the scaling behavior and that
the highest modes on the lattice are not occupied (otherwise one has almost immediate
thermalization). This requires very large lattice sizes. We would estimate that lattice
sizes of at least 8192 x 8192 or 16384 x 16384 would be necessary, preferably even more.
This was clearly beyond the range of available computational resources.

Surprisingly, however, we found the non-relativistic limit of Sine-Gordon to be much more
feasible numerically. At first one might think that this limit is a ” Sine-Pitaevskii” model,
i. e. a Gross-Pitaevskii Lagrangian with cos(|¢|) instead of |¢|*, such as Gross-Pitaevskii
is the non-relativistic limit of ¢* theory. However, it turns out that this is not quite true
but instead the limit is given by the Gross-Pitaevskii Lagrangian with a Bessel function
replacing |+|*. This is demonstrated in the next section. Thereafter we present numerical
results for this theory.

The reasoning behind taking the non-relativistic limit of Sine-Gordon to examine its
far from equilibrium dynamics is that at small momenta, relevant for non-thermal fixed
points, a relativistic theory becomes effectively non-relativistic anyways. Consider e. g.
that also in the last chapter we derived the scaling exponents of Sine-Gordon assuming it
to be in its non-relativistic limit. A further advantage apart from the numerical feasibility
is that in the non-relativistic limit of Sine-Gordon one can determine quite easily whether
a potential scaling with an exponent ~ 0.2 might not be caused by topological defects in
Sine-Gordon itself (cf. [11]).

8.1 Non-relativistic limit of the Sine-Gordon equation

Our derivation of the non-relativistic limit of the Sine-Gordon equation will be a general-
ization of the way in which the Gross-Pitaevskii equation is derived as the non-relativistic
limit of the equation of motion of ¢* theory in [37]. Obviously, the only difference lies in
the different potential term so that most of the time we can closely follow the derivation
in this paper.

Let us start from the equation of motion of the Sine-Gordon model

O¢ + m?¢ + nA(sin(¢) — ¢) =0 (8.1)

with m? = n\. We are in the non-relativistic limit, i. e. p < m and E ~ m + %. The
idea is now to factor out fast oscillations with frequency m. Therefore we write

¢ = R{tp exp(—imt)} (8.2)
with ¢ € C. Since we have factored out the fast oscillations, 1 changes slowly. Thus
Y o
— —1. 8.3
oz | <™ ‘ ot (8.3)
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Now we insert (8.2) into the equation of motion and neglect second derivatives in time:
oY , : : .
R —QZmE — A | exp(—imt) p + nA (sin(R{y exp(—imt)}) — R{¢ exp(—imt)}) = 0.
(8.4)

The potential term requires a closer inspection:

(R{ exp(—imt)})*"*

sin(R{e exp(—imt)}) — R{w exp(—imt)} = EEI @n 4_1

; on _|_)1) [ 92n+1 (Y exp(—imt) + ¢~ exp(zmt))2 +1

3

- o1 T 2+l o _
Z 2n+ 1)1 2o > ( " )1/12”“ )R exp(—i(2n+1—2k)mt).  (8.5)
k=0

n=1

Now we discard all terms oscillating with a frequency larger than m, i. e. we keep only
those with £ = n and k = n+1. This corresponds to neglecting particle number changing
processes. Then we obtain

= (=D 1 (2n+1)!
(2n+1)!22n+1n!< 1)!

S e\ |
(W\ Z nl(n+1)! ( 2 ) 1) R{t exp(—imt)}
<W’J1(|¢D - 1) R{v exp(—imt)} (3.6)

WP 2R{ exp(—imt)}

1

n

where Ji(x) is a Bessel function of the first kind. Inserting this into (8.4) we find

R { { zzmaa—:f — AP+ 1A (mfl(m) ) 1 exp(—z'mt)} =0 (8.7)

from which it follows that

oY B
—2im Gy~ avor (2 1) v =0 59
or dividing out —2m
00 1
5 = =g+ D (e - 3) v (89)

We will call this the ”Bessel-Gross-Pitaevskii” (BGP) equation. The corresponding La-
grangian reads

2\

Lacr = 5 (V"0 = ¥0") - = (o) + o = 1). (810)
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Figure 8.1: The occupation number in the BGP system.

The initial condition in the truncated Wigner simulations is then chosen as
Ui ik-r
U(r) = —=) e (8.11)
e

with the v chosen as in the normal truncated Wigner simulations of Gross-Pitaevskii.
I. e. the only difference to the standard case is the factor n, which ensures that ¢ is
dimensionless.

8.2 Numerical results

We have simulated the system described by the Lagrangian (8.10) employing truncated
Wigner simulations. We chose a 1024 x 1024 lattice and averaged over N = 50 realizations.
As for the Gross-Pitaevskii system, we used a "box” initial condition, given by (6.1). We
were indeed able to observe a scaling with an anomalously small exponent 3, by the
following choice of parameters (expressed in numerical units):

m= /=1 (8.12)
n=1 (8.13)
Q = 0.05 (8.14)
po = 10°. (8.15)

If the number of particles were equal at all lattice sites, py = 10* would correspond to a
field value of |¢| = 10'® & 31.6. 1. e. the average field value would be close to the sixth
minimum of the Bessel function. This definitely makes sure that we are not simulating
some Gross-Pitaevskii limit of the Bessel-Gross-Pitaevskii model (which could be the case
if |1| were so small that it never leaves the Oth minimum of the potential).

The resulting occupation number distribution is shown in figure (8.1). For the scaling
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Figure 8.2: || in real space for one example realization and for the same four times as
in the occupation number plot (8.1), with time increasing from left to right and from top
to bottom.

exponents we obtain

a =0.53+0.07 (8.16)
B =0.24+0.02. (8.17)

This is close to the § = 1/6 that was shown to be allowed by the Boltzmann equation of the
Sine-Gordon model though there is a slight deviation. This deviation might be attributed
to the fact that the scattering integral contains also terms scaling with 5 = 1/2 that
possibly are not entirely suppressed (additionally it seems to be a "rule of thumb” that
the numerically extracted exponents are slightly larger than those from the Boltzmann
equation, cf. e. g. the results in [8,15,38]). A crucial question is of course whether this
small scaling exponent might not be caused by topological defects in the Bessel-Gross-
Pitaevskii model, too. First one can note that such a topological defect is rather unlikely
to be stable if py is large since the potential V' (|i)|) = —Jo(]1|) would change its sign
many times between the core of the defect and the bulk. Additionally, a look at some of
the field configurations (figure (8.2)) is able to dispel such concerns even further. In fact,
no such things as vortices are visible.

Instead, one observes small patches in space where |1)| grows large while it sits in the Oth
minimum of the Bessel function elsewhere. This can be attributed to the fact that on the
one hand the potential —Jy(|¢|) has an absolute minimum at [)| = 0 but on the other
hand approaches 0 for |¢)| — oo (Jy(x) has the asymptotic form /2/7z cos(x — w/4) for
large ). It is suggestive to identify such small patches of large || with the phenomenon of
clustering of equal charge vortices that was observed in [16] and was made responsible for
the anomalously small exponent § there. However, since we were not able to demonstrate
the duality between vortices and the Sine-Gordon model rigorously, such an identification
must remain speculative.
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9 Conclusion and outlook

In this thesis, we have discussed several different ways of defining a correlation function
of phases (6(z)0(y)): the obvious definition, in which the phases are kept as they are
and jumps are accepted; different modification definitions, in which instead of (0(x)0(y))
one considers (f(6(x),0(y))) with f chosen such that jumps are avoided but the resulting
correlator somehow resembles the original one; and finally the continuation definition in
which the phase is defined as either the scalar or vector potential of the velocity field V6.
We subsequently applied these different definitions to a one-dimensional spin system and
found that in terms of temporal scaling, i. e. as far as the dynamical exponents a and (3
are concerned, these definitions all yield the same result, a, § ~ 0.25, in agreement with
the values obtained for the fundamental field. We found furthermore that the obvious
definition yields a fractional exponent x that stems from the jumps in the phase, as can
be shown by a simple model of random jumps. In contrast, our proposal for a modifi-
cation definition and the continuation definition both yielded x = 2, in agreement with
the fundamental field result. The continuation definition was the only one not to yield a
plateau in the IR, indicating coherence on a very large (potentially infinite) length scale.
We then concluded that the continuation definition, which introduces two phase fields,
the sound-wave and the vortex phase field, is the most natural and suitable definition.
Additionally, it is the only one accessible to analytical treatment. In the following we
showed how to rewrite earlier findings in terms of these two phase fields, reviewing results
for the sound-wave part of the phase. We then tried to develop a description also for the
vortex part, by making use of two approaches. We first derived an action containing only
the vortex trajectories. The second approach was an attempt to generalize the duality
between vortices and the Sine-Gordon model from 2D to 2+1D. We found this duality
to approximately hold under several assumptions. Unfortunately, we were not able to
determine their range of validity (or whether there are scenarios in which they hold at
all).

We then examined the two-dimensional Gross-Pitaevskii system numerically, considering
the one-component and three-component case. In the one component case, we found the
anomalously small # = 0.23£0.03 for the fundamental field correlator, in agreement with
earlier findings. In contrast, in the three-component case we obtained = 0.5 4 0.03.
When considering the phase correlator, we encountered some numerical problems related
to the ”"delicateness” of the phase observable. On the one hand, scaling appeared only in
the far infrared (at least for the scalar phase correlator in the one-component case), re-
quiring very large lattice sizes. On the other hand, the phase seemed often to be ”washed
out” by the numerics. For the scalar phase correlator in the one-component system we got
v = —0.89 +0.18 and x between 3 and 3.5. Assuming x = 3.5, this yields g = 0.6 +0.12,
in approximate agreement with § = 1/2. For the vortex part we obtained 0.24 +0.03 and
a very clear power law xk = 4, indicating that it is the vortex part that is responsible for
the scaling of the fundamental field correlator. In the three-component case, we obtained
k=5/2 and = 0.53 £ 0.1 for the sound-wave phase correlator.

Finally we examined scaling in the 241D Sine-Gordon model. We found that its Boltz-
mann equation allows for scaling with 8 = 1/6, in addition to the well-known scaling with
f = 1/2. This was corroborated by simulations of the Bessel-Gross-Pitaevskii model, be-
ing the non-relativistic limit of the Sine-Gordon model, where we found scaling with
£ = 0.24 £0.02. On the one hand this provides evidence that the rather speculative
derivation of the vortex/Sine-Gordon duality in 2+1D might indeed approximately hold.
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On the other hand it gives rise to a possible explanation of the anomalously small 3
exponents in vortex-dominated systems. Admittedly there is still a slight discrepancy
between the value of 5 extracted for (0,,(k)60y,(—k)) or the fundamental field correlator
and f = 1/6, approximately of the size ~ 0.05 (though there is no discrepancy at all if
one compares to the numerical computations of BGP theory). But in our opinion this
is not too severe. First, there is a rather large error in the determination of such small
exponents. And second, such a deviation could possibly be explained by subdominant
contributions in the Boltzmann integral scaling with 5 = 1/2.

A plethora of new questions that could be addressed by further research arose during the
course of this thesis project. First, since we laid much of the focus onto the Sine-Gordon
model, the original subject of this thesis, the numerical study of phase correlators, was
treated in far less depth than it actually would deserve. Especially we did not figure out
the reason for the discrepancy between our numerical results and the analytical predic-
tions from the low-energy effective theory of the phases in [8]. Various aspects of this
effective theory could be studied in more detail numerically, e. g. the validity of as-
sumptions about dispersion relations, effective couplings or the 1/N limit. Moreover, a
treatment of the 3D case would be highly desirable.

Second, the question whether the 241D Sine-Gordon can indeed provide a description
of vortex dynamics or whether the agreement of the [ exponent is just a coincidence
remains open. One way how one could possibly check that would be to calculate numer-
ically classical vortex trajectories, preferably with the equation of motion arising from
the action (5.26), or alternatively with some other effective equation of vortex dynamics
or directly from GP simulations. These trajectories would then be inserted into (5.43)
(which is still exact) and one would calculate the resulting dynamics of ¢* with truncated
Wigner simulations. From the results could then be inferred the range of validity of the
assumptions we made.

Third, it is an intriguing question whether Sine-Gordon theory could provide also an ef-
fective description of the dynamics of topological defects in different systems, e. g. the
141D Luttinger liquid/XY model. Since the duality in 2D is known to be exact, one
might suspect that this is also the case in 14-1D. The topological defects would be ”time
vortices” in this case. In d dimensions, the anomalous exponent from the Boltzmann
equation is f = 1/(2 + 2d), i. e. in one spatial dimension § = 1/4. This agrees with
the value found for the 141D XY model from other approaches [39] and also the value
extracted for the 1D spin system here. Whether this is a mere coincidence remains open,
too. It has been demonstrated also for other systems with Euclidean space time that
topological excitations can be described by the Euclidean Sine-Gordon model, e. g. for
the 3D Abelian Higgs model [40] (where the topological excitations are small vortex loops)
or the 4D XY model [41]. Here one can speculate too that after a Wick rotation the real
time Sine-Gordon model describes the real time dynamics of these models in the presence
of topological defects.

Finally, independent of the question whether it describes the dynamics of topological de-
fects, the Sine-Gordon model far from equilibrium showed many interesting properties
and deserves a much closer examination, regarding the 2PI/Boltzmann as well as the
numerical treatment. In particular, it would be highly interesting to determine more pre-
cisely the regimes in which it exhibits scaling with the two different exponents 5 = 1/2
and B = 1/(2 + 2d) that are found from the Boltzmann equation.

We hope that some of these questions can be resolved by future research.
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A Conventions and units
Throughout this thesis we set
h=1. (A.1)

However, the speed of light/sound ¢ is not set to 1 in general but only in the last two
chapters treating the relativistic Sine-Gordon model. I. e. anywhere else distances and
time intervals are not measured in the same units. In this case we have e. g. the following
relations:

Energy = Time ' (A.2)
Momentum = Length ™ (A.3)
Mass = Time x Length 2.

If one sets ¢ = 1 additionally, these collapse further to Energy = Momentum = Mass =
Length .

For the numerical calculations we work in numerical units. I. e. for the Gross-Pitaevskii
model we set

as = (A.5)
_ 1 A6

m=3 (A.6)
with a, the lattice spacing, which fixes the unit system. This means that e. g. py = 10?
has to be understood as py = 10%a;¢. In the case of the BGP simulations it is sufficient
to set ag = 1 in order to fix the unit system since ¢ has already been set to 1.
In general also momenta are given in numerical units, i. e. @ = 0.5 means Q = 0.5a; .
However, in the plots of correlation functions we use a different convention where we give
a momentum as the number of the corresponding momentum mode on the lattice, i. e.
here k = 10 has to be understood as k = 10 x 27 (a,N)~! with N the size of the lattice.
In more than 1D, the function f(k) has to be obtained from f(k) by averaging over all
angles. Since simulations are performed on a lattice, one must decide how to bin the
different k vectors according to their absolute value. We chose a convention where we
take as bin spacing the distance of the modes on the lattice, i. e. 2m(a,N)~!. E. g.
k = (1,1) x 2m(a;N)~! is binned into k = 1 x 27(a;N)~" whereas k = (2,1) x 27(a,N)~!
is binned into k = 2 x 27 (asN) ™t
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B Evaluation of the spatial integrals in the Luttinger
liquid action

All we have to consider are the integrals

T __ 25(] (1’ _ XZ>2
g ‘/ﬁ - X)° 1 (y—Y)P (B1)

vy 21, (y_Yz‘>2
I _/d X , (B-2)

and
Tr __ 2ZE ( )(l‘ X])
75 = [ e, Y@ = X2 4 (y — V)] (B4)
vy 2, ( z)(y Y;)
7= [ o e X =Y (B:5)
Ty 2 ( )( )
Ty = /d[m—xm PR AT (S S (B8

with i # j. Of course the [}¥ and Jj follow trivially from I and J* by analogy. These
integrals have already been calculated in [27] employing dimensional regularization. Here,
however, we want to compute them regularizing by introducing a short distance cutoff a
and a long distance cutoff L. In our opinion this is a more natural procedure in condensed
matter systems where one can attribute a physical meaning to cutoffs.

Let us start with the /; integrals. One can see from symmetry considerations that I = 0
and I = IY. Laying the origin at X; and introducing polar coordinates we get

™

d L
Ii”:/d@ T cos? @ =mln—. (B.7)
r a

—T a

Now let us turn to the J7* integral, from which again by analogy will follow J/. Again we
lay the origin at X;. Furthermore we introduce the notation X;; = X XZ, ri; = 1X45],

Xw = X,;/rij and YZJ =Y;;/ri;. Now we introduce polar coordinates such that the angular
coordinate ¢ is the angle between x and X;;. L. e. we write z = r(cos goXZ] — sin ng;])
and y = r(sin pX;; + cos ¢Y;;). With this we obtain

T L —~ ~ ~ —~ ~
JE = /dgp/dr (cos pX;j — sin pY;;)(rcos pX;; — rsineY;; — rinl-j). (B.8)

2 2 _ .
T84T — 20 cos @
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To solve this, we need some integral formulas:

T

cos? ¢ 2m 1
dp——m— = — — B.9
/Spl—tcosgp tz( 1—1¢2 > (B-9)
] gp e 2 (1 1 t2> (B.10)
gOl—tcosgp 2 '
cos 2m 1
dp——— = — -1 B.11
/ gOl—tcosgo t <\/1—t2 > ( )

—T

for 0 <t < 1. All combinations containing only a single sine function in the numerator
vanish due to symmetry. Applying these integral formulas as well as the identity

1— ) = ) B.12
\/ (r2 "‘7}'2]') sgn(r TJ)TZ + 73 ( )

we obtain after some algebra:

L

TT v ooy 1 v o2y "
JE = w/dr {(XZQJ + Yj);@(r — i) + (X7 + Yz?)ﬁ@(m] — )
0 Y
Tij

~ 1
2
E— {m(L) +Xij—§] (B.13)
From analogy it follows that

Tiq -~ 1
JY =~ {111 (fj) +Y7 - 5] . (B.14)

Therefore one finds for the spatial part of the Luttinger liquid action:

xx _ Tij
JEF 4 J% = —271n (f) . (B.15)

The calculation for ijy is very similar and we only state the result here:
ijy = —7TX1']'Y;']‘. (B16)

(B.13), (B.14) and (B.16) agree with the results in [27] up to a difference in the constants
stemming from the different regularization scheme.
Putting all the parts together after some algebra yields the effective action (5.26).
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C Computation of the Wigner function

For the Wigner function of a coherent state |«) we have
2 exp(—2|a — ¥|?). (C.1)

Now we calculate the phase average of the Wigner function of the coherent state ‘ N06i90>,
writing 1 = \/ﬁew:

™

1 , :
— /d@o exp (—2] Noe'?o — \/ﬁew|2>
T

—T
s

— %/dQO exp <_2 (NO +p =2/ Noy/peos(d — 90)))

—T

= 2exp (=2 (No + ) Io (43/Nov/p) (C.2)

where Iy(x) denotes the modified Bessel function of zeroth order. For large values of z,
the following approximation holds:

6x

In(x) ~ (C.3)

o

&‘

Therefore assuming v/ Ng,/p > 1 we can write

2exp (~2(No + ) o (4y/ o) =~ \/;W exp (—z (V% - ws)Q) C ()

Since the exponential suppresses all values of \/p which are not close to /Ny we can
additionally approximate p ~ Nj in the denominator in order to arrive at the final result

@exp (—2 (m - \/5)2) . (C.5)

For the empty modes the calculation is even simpler. Here we just have to insert a = 0
in (C.1) in order to arrive at

2exp(—2p). (C.6)

82



D Nwumerical evaluation of the Fourier transforms of
sin(p/2) and cos(p/2)

We show plots for the example parameters n/4m = 1, m = 10 (for other choices of
parameters the results were very similar). For the discretization and the large distance
cutoff we took € = 0.025 and R = 10. Figure (D.1) and (D.2) show contour plots of
the w-p plane. Here the approximation to expand the trigonometric seems to be quite
accurate for cosine and sine as well. However, cross section plots (figure (D.3) and (D.4))
show that this is not entirely true for the sine. Whereas in the case of the cosine the
expanded and full Fourier transform apparently agree quite accurately, this is not true for
the sine where we have large deviations. The plot of the difference of expanded and full
Fourier transform (figure D.5) reveals the problem: it shows a peak centered around the
same position (namely y/m? + p?) as FT {sin(p/2)}. Increasing n makes this peak higher
and sharper, i. e. more d-function like. Since it is a d-function with approximately the
same amplitude as that of p(p)/2 itself (as can be seen by considering the integral over
them), FT{sin(p/2)} will vanish unless all relevant frequencies are much smaller than
1/n. This has to be assumed in order to enable scaling of the Boltzmann equation.

2.0 2.0

15 1.5

3 1.0 3 1.0

0.5 0.5
0.0 0.0
0.0 0.5 1.0 1.5 2.0 0.0 0.5 1.0 1.5 2.0
p p
—1000 0 1000 2000 3000 4000 5000 6000

Figure D.1: Fourier transform of cos(p/2) (left) and 1 (right).
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Figure D.2: Fourier transform of sin(p/2) (left) and p/2 (right).
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Figure D.3: Fourier transform of cos(p/2) and 1 for p = 0.
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6 1 — F7{sin(p/2)}
n — FT{p/2}

Figure D.4: Fourier transform of sin(p/2) and p/2 for p = 0.

0.4

0.3 A

0.2

FT{p/2} — FT{sin(p/2)}

Figure D.5: Difference of the Fourier transforms of sin(p/2) and p/2 for p = 0.
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E Additional correlator plots

Here we mainly show the rescaled versions of the correlator plots presented in the main
text. Additionally figure (E.8) shows the full scalar phase correlator in the two-dimensional
U(3) system, including the part that in the main text is cut out.
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Figure E.1: The rescaled phase correlator in the 1D spin system calculated with the
obvious definition.

103
25

50

102_

101_

(6(k)6(—kK))

100 _

10—1_

10724 R

10° 10! 102
K

Figure E.2: The rescaled phase correlator in the 1D spin system calculated with the

modification definition.
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Figure E.3: The rescaled phase correlator in the 1D spin system calculated with the
continuation definition.
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Figure E.4: Rescaled occupation number in the two-dimensional U(1) system.
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Figure E.5: Rescaled sound wave phase correlator in the two-dimensional U(1) system.
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Figure E.6: Rescaled vortex phase correlator in the two-dimensional U(1) system.
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Figure E.7: Rescaled occupation number in the two-dimensional U(3) system.
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Figure E.8: Full sound wave phase correlator in the two-dimensional U(3) system.
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Figure E.9: Rescaled sound wave phase correlator in the two-dimensional U(3) system.
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Figure E.10: Rescaled occupation number in the BGP system.
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